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United States Department of the Interior 

Department of the Navy 
Commanding Officer 

u.s. GEOLOGICAL SURVEY 

WATER RESOURCES DIVISION 
227 N. BRONOUGH STREET, SUITE 3015 

TALLAHASSEE, FLORIDA 32301 

TELEPHONE: (850) 942-9500 
FAX: (850) 942-9521 

http://ft-water.usgs.gov 

October 10, 1999 

Southern Division Naval Facilities Engineering Command 
Post Office Box 190010 
North Charleston, S.c. 29419-9010 

Attention Code 1889 - Mr. Cliff Casey 

RE Preliminary results of the analysis of three aquifer tests cdnducted at NIROP, 
Fridley, Minnesota. 

Dear Mr. Casey: 

N9J J92.AR.00047J 
NIROP FRIDLEY 

5090.3a 

Enclosed are four copies of the preliminary analysis of the three aquifer tests conducted at NIROP. Usually 
the results of an aquifer test are not distributed until both the Florida ground-water specialist and the district 
ground-water specialist have approved them. However, this test is being processed a little differently. The 
Florida ground-water specialist is being given the same report that is being provided to you. This test is being 
handled differently in oder to facilitate a faster and more complete review. Having others, that have worked 
at this site. for an extended period of time, review and comment on the report early in the process will 
certainly add to the quality of the analysis. 

After"the Florida ground-water specialist's comments (and any others) are included in the report it will be 
forwarded to the district ground-water specialist for final approval. The preliminary report is also being sent 
to Jim Ruhl for his comments. The results of this analysis should be considered preliminary and are not 
official until final approval is received from the district ground-water 
specialist. 

Although not part of the official review process, I had Allen Moench review the analysis of test AT3A 
because I felt this was the most difficult test. Allen did some preliminary modeling based on the data that I 
provided. His E-mail response is included with this letter. 

If you have any questions please do not hesitate to call me at 850 942 9500 x3038. 

Enclosures - as cited 

Sincerely, 

Hal Davis 
Hydrologist 



Aquifer Test 

I of I 

Subject: Aquifer Test 
Date: Tue, 28 Sep 1999 16: 17 :26 -0700 

From: Allen Moench <afmoench> 
To: Hal Davis <hdavis> 

Hal, 
I made a few runs with the late-time data you sent me using the PEST 
algorithm but do not seem to be able to significantly improve upon the 
parameter·estimates you obtained .. Too much variability. The runs that I did 
make, however, seem to lead me to suggest that the ratio Kz/Kr may be 
closer to 0.1 than 0.01 and the saturated thickness may be closer to 800 
feet than 360 feet. (To arrive at these values I had to eliminate from 
consideration the anomalous. well 61. I also guessed at and included some 
late-time values for well USGS 10 from your Figure 5 because is seemed 
consistent with the other data.)· The value of T was the same as you got 

·but the value of Sy was somewhat high (0.39). 

I would say that none of these values are r~ally trustworthy and that this 
·is because of aquifer heterogeneity (obviously). Heterogeneity often makes 
automatic parameter estimation procedures (or any procedure for that 
matter) problematic. Unless a lot more observation piezometers are 
available it may be best to stick with type-curve methods as you have done. 
At least then the one can more effectively assert one's knowledge as a 
hydrogeologist. 
Allen 

" 
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y __ > INTRODUCTION 

Three aquifer tests were conducted at the Naval Industrial Reserve Ordinance Plant (NIROP), 

Fridley, Minnesota to detennine the hydraulic properties of the Quatern'ary aquifer zone. The tests are 

named after the pumping wells, which were wells AT3A, AT4A, and AT5A. The dates and times of each 

of eac;h test is shown in figure 1 and a description of the wells used is given in Table 1. This report doc­

uments the analysis of the tests, the field data is contained on a CD-ROM disk accompanying the report 

(the disk will be included in the final report). The aquifer tests were ana~yzed using Aquifer Test for 

Windows, version 2.56, by Waterloo Hydrogeologic, Inc. Water levels were measured using pressure 

transducers and were checked periodically by hand measuring with an electric tape. 

Figure 1. Schedule of pumping and water-level monitoring for the three aquifer tests 
conducted at NIROP. 

Table 1. Characteristics of wells used for aquifer tests at NIROP. 

At NIROP there are is a multi-layered aquifer system. The shallowest aquifer (and the one 

tested in all three tests) is the Quaternary aquifer zone. This aquifer primarily consists of medium to 

coarse sand with significant layers of fine sand and gravel. Also present are discontinuous layers of 

very-fine grained (clay, silty clay, sandy clay, and silt) interbeds. This aquifer is approximately 110ft 

thick at NIROP. Underlying the Quaternary aquifer zone is the Prairie du Chen/Jordon aquifer system. 

The Prairie du Chen aquifer is composed of dolomite and is approximately 140 feet thick. The Jordan 

aquifer is composed of sandstone and is approximately 220 feet thick. In the some parts of the facility 

the Quaternary aquifer zone is separated from the underlying Prairie du Chen/Jordon aquifer by the St. 

Peter Sandstone, which is composed of medium-to-fine grained sandstone with beds of siltstone and 

shale. Underlying the Prairie du Chen/Jordon aquifer is the very low penneability St.Lawrence-Franco-

nia confining unit. 
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AQUIFER TEST AT3A 

Description of Test AT3A 

Well AT3A was pumped at 240 gpm for just over 45 hours and water levels were measured in 6 

monitoring wells in the vicinity of the pumping well. The location of the wells is shown in figure 2 and 

a geologic cross-section is shown in figure 3. As seen in the cross section, the lithology at the test site 

consists of a complex mixture of gravels, sands, silts; and clays. All of the wells, including the pumping 

well are partially penetrating. 

Figure 2. Location of pumping and monitoring wells for aquifer test AT3A. 

Figure~. Geologic cross-section for aquifer test AT3A. 

Ground-water level trends: There were no detected background ground-water level changes 

immediately before, during, or immediately after the test. To illustrate this the ground-water leveHluc-" 

tuation·for well 71 is shown in figure 4. The water-level trend is almost flat before the test began and the 

water levels recover to prepumping levels after pumping stopped. The other monitoring wells USGS 9, 

61,81, and 121 showed a similar trend, the plots for these wells are shown in Appendix A. Well USGS 

10 did not shqw this trend because the well had a poor connection to the aquifer, this will be discussed 

in the next section. 

Figure 4. Water-level fluctuations in monitoring well 71. 

General discussion of data: A log-log plot of all the drawdown data is shown in figure 5. The 

data from well USGS 10 forms a straight line during most of the test and there was a significant delay 

between the onset of pumping and drawdown in the well. In addition, the water levels in the well did 

not return to prepumping levels after several days of recovery (fig. 6). These facts indicate that the con­

nection between the well and the aquifer is poor, for this reason the data was not used in the analysis. 

Figure 5. Log-log plot of drawdown in all wells monitored during aquifer test AT3A. 
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The drawdown in well USGS 9, screeried near the water table, occurred almost immediately 

after pumpage began indicating that drainage of water from the pores at the water table (specific yield) 

was a source of water very early in the test. This is reasonable because the aqufer is composed of gener-

ally high permeability sands and gravels with no known confining layers. 

As seen in figure 5 the data from the wells does not overlie on the log-log plot to form a single 

line. ~is indicates that the effects of partial penetration, anisotropy, and non-homogeneity are signifi­

cantly affecting the data and will need to be addressed in the analysis. For example, well 61, at a radius 

of 16 ft, had less drawdown less than well 81, at a radius of 66 ft. The analysis of the test is also compli­

cated by the fact that the pumping well is screened very close to the Prairie du Chen/Jordon aquifer and 

the water flowing to the well almost certainly comes from both Quaternary aquifer zone and Prairie du 

Chen/J ordon aquifer. 

Analysis of Test AT3A 

The aquifer test was analyzed using the methods described by Moench (1993, 1994) for uncon-

fined aquifers. This method was chosen because it can handle unconfined conditions, partially penetrat-

ing wells, delayed yield, delayed drainage, and vertical anisotropy, all of which occur at the test site. It 

is beyond the scope of this report to fully discuss these methods, for this reason the papers by Moench 

are included at the end of this report. The program Aquifer Test generates type curves that incorporate 

the geometry of the partially penetrating pumping and monitoring wells. To calculate the type curves 

the program uses three user specified fitting parameters that influence the shape of the curves. These 

user specified fitting parameters are (1) S/Sy, which is the ratio of the confined storativity to the specific 

yield, (2) KvlKh, which is the ratio of the vertical to horizontal hydraulic conductivity, and (3), gamma, 

which determines how rapidly delayed drainage acts. The values of the fitting parameters will be dis-

cussed further as the test analysis is described. 

For the analysis of this test, it was assumed that the Quaternary aquifer zone and Prairie du 

Chen/Jordon aquifer acted as one hydrologic unit that had a combined of thickness of 470 ft. The aqui­

fer hydraulic parameters determined thus represent the combined properties of both aquifers. Figure 7 

shows the best match when considering at all the data at one time. The parameters determined from this 
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match are: 

Transmissivity, = 32,700 ft2/d 
Aquifer thickness = 470 ft " 
Horizontal hydraulic conductivity = 70 ft/day 
Vertical hydraulic conductivity = 0.70 ft/day 
Storativity - could not be accurately determined 

. Specific yield - could not be accurately determined 

In figure 7 it is difficult to judge the quality of the match with all the curves on one plot, for this reason 

plots are shown separately in figures 8 -11. In each of these plots the measured draw down data is shown 

as points, individual type curves and 2 theoretical Thies curves are shown as solid lines. The left most 

Theis curve is calculated by assuming a confined storativity and the right most Theis curve is created by 

assuming unconfined conditions (specific yield). 

Figure 7. Drawdown and type curve match in all wells monitored during aquifer test 
AT3A. 

The match for wells 71 and USGS 9 are shown in figure 8. As seen in this plot, there is very 

good agreement between well 71 and the type curve. Well USGS 9 shows a poor a agreement during the 

early part of the test but good agreement at the later part. These two wells were drilled close together, 

well USGS 9 is screened from 13 to 23 ft below the water table and well 71 is screened from 40 to 55 ft 

below the water table. At the end of the test well USGS 9 had 1.23 ft of drawdown and well 71 had 2.66 

of drawdown. The difference in drawdown is the result of a combination of the KvlKh ratio and partial 

penetration effects. During the manual curve matching process the KvlKh ratio was adjusted until the 

type curves showed the same separation as the data. The KvlKh ratio that gave the best match was 0.01. 

It was not possible to match the data at the beginning of the test for well USGS 9. This was probably 

due the anisotropic nature of the aquifer. 

Figure 8. Drawdown and type curve match for wells 7I and USGS 9. 

The match fo"r well 81 is shown in figure 9. As seen in the figure there is very good agreement 

between the type curve and data. 

Figure 9. Drawdown and type curve match for well 81. 

6 Draft - Do not release or cite --10/14/99 , 



'.. ~p ,''"-,.,. 

' .. '.-~! 

~T -. 

-" .' 

·~ . 

The match for well 61 is shown in figure 10. As seen in the figure, the fit between the type curve 
.::~--; .' 

i'" and data is very poor. If the data is shifted, and this curve is fitted individually the resulting transmissiv-

ity IS 123 ft2/day, compared to 70 ft2/day when considering all the data. However, it best to use all the 

data to get one value for the aquifer, so 70 ft2/day better represents the average transmi~sivity for the 

aquifer. 

Figure 10. Drawdown and type, curve match for well 61. 

The match for well 121 is shown in figure 11. As seen in the figure there is a poor match 

between the type curve and the drawdown data. If the data is shifted, and this curve is fitted individually 

the resulting transmissivity is 196 ft2/day. However, for the reason discussed above, 70 ft2/day better 

represents the average transmissivity for the aquifer. 

Figure 11. Drawdown and type curve match for well 121. 

Discussion of user defined fitting parameters: The user specified fitting parameter gamma 

determines how rapidly delayed drairiage enters the aquifer. A gamma value of 0.1 was selected based 

on a taal and error process of fitting the type curves to the data. This a relatively low value for the 

parameter and indicates that the drainage of water from above water table is slow. If the value of gamma 

is increased above 0.1 then the type curves become flat and this is not seen in the data. The highest 

gamma value that still caused the type curves to fit the data was chosen because the delay of drainage 

would be except to be small (the drainage would be relatively fast) in these moderately to highly perme-

able sediments. The determination of the user specified parameter K vlKh was discussed above. 

The user specified fitting parameter S/Sy is the ratio of the confined storativity to the specific 

yield and determines the position of the Theis and Thies (Sy) curves on the plots. These plots form the 

end members for the type curves that can be generated by the program (some curves can fall above or 

below the end members but this is due to effect of partial penetration of a particular monitoring well). 

The value determined by trail and error was 0.05. This is a relatively high val!le for the parameter. A 

typical value, in a case where the aquifer transitions from confined to unconfined conditions, would be 

0.001. However in this test the effect of pumping reached the water table so quickly that drawdown in 

. the monitoring wells was affected by water-table drainage from the very beginning, thus giving a high 

"storativity" (which was actually a combination of a combined confined and unconfined aquifer 
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.. response) and a high S/Sy ratio. 

Discussion of Test AT3A 
, 

The thickness of the z~ne from which the pumping well draws water is not known, this may 

represent the single largest unknown in the analysis. Well USGS 10 (screened in the Quartnery aquifer 

zone but very near the Prairie du Chen) had 3.35 ft of drawdown at the end of the test. This is more than 

any other well (and is probably an under estimate considering that the well had a poor connection to the 

aquifer). The relatively large drawdown in USGS 10 and the fact that Quartnery aquifer zone is com­

posed of higher permeability sands and gravels near the contact with the Prairie du Chen indicate that a 

significant portion of flow to the pumping well is occurring at the base of the Quartnery aquifer zone. 

Significant flow may be coming from the Prairie du Chen since it is in direct contact with the higher 

permeability zone at the base of the Quartnery aquifer zone. 

Lohman (1979) listed a summary of average hydraulic conductivity values and these are pre­

sented in Table ~. The hydraulic conductivity of 70 ft/day determined for this test falls within the range 

of medium to coarse sands, which seem reasonable given the overall lithology of the Quartnery aquifer 
, 

zone. The sediments at the site are a mixture of grain sizes (and not fairly uniform as those listed in the 

table below) and such a mixture will tend to lower hydraulic conductivity values because the smaller 

grains fill the void space between the larger grains. 

Table 2. Average values of hydraulic conductivities (after Lohman, 1979) 

Coarse gravel 

Medium gravel 

Fine gravel 

Very coarse sand 

Coarse sand 

Medium sand 

Fine sand 

8 ., Draft - Do not release or cite •• 10/14/99 . 
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Hydraulic 

conducti vity. 
in ft/day 

1,000 

950 

900 

700 

250 

50 
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The KvlKh ratio detern:tined was 0.01, this resulted in a vertical hydraulic conductivity of 0.7 ftl 

day. This ratio is on the lower end of the expected range which is normally 0.1 to 0.01. However, the 

type curves were very sensitive to this parameter and thus there was little latitude in varying it while 

stilI matching the data. 

Recommendations: If future tests are run using these wells they should be tested to ensure that 

they are in good contact with the aquifer. Any well found to be in poor contact should be redeveloped. 

This is especially true for well USGS 10. The connection to the aquifer needs to be determined, if it is 

poor then the well can be redeveloped. If the connection is good then another explanation for the 

response will need to be found and corrected if possible. If the amount of water coming from the Prairie 

du Chen/Jordon aquifer system is important then a well should monitored in this aquifer during pump­

ing. 
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AQUIFER TEST AT4A 

Description of Test AT4A 

Well AT4A was pumped at 40 gpm for 27 hours. Water levels were measured in 3 monitoring 

wells in the vicinity of the pumping well and in background well USGS 2. Well locations are shown in 

figure 12 and a geologic cross-section is shown in figure 13. The lithology at the test site consists of a 

complex mixture of gravels, sands; silts, and clays. All of the wells, including the pumping well are par­

tially penetrating and at or near the water table. As discussed earlier, the Quartnery aquifer zone is 

approximately 110 ft thick, underlying this aquifer is the Prairie du Chen/Jordon aquifer system. All of 

the wells are screened in approximately the upper 25 percent of the Quartnery aqufer zone. It is 

unknown weather the effect of pumping extends to the bottom of the Quartnery aqufer zone (or even 

into the Prairie du Chen/Jordon aquifer system). 

Figure 12. Location of pumping and moni toring wells for aquifer test AT 4A. 

Figure 13. Geologic cross-section for aquifer test AT4A. 

Ground-water level trends: There was a barometric pressure rise during the test that c~used the 

water level in background well USGS 2 to decline by 0.03 feet. This trend was removed from wells 

USGS 6 and 11SB before analysis. A plot of water-levels for all wells used in this test are shown in 

Appendix B. The water levels in well3S showed very little decline during the test and this could have 

been part of the regional change, for this reason well 3S was not used during the analysis. 

Analysis of Test AT4A 

The aquifer test was analyzed using the method described by Moench (1993) for unconfined 

conditions. This method was chosen because it can handle unconfined conditions, partially penetrating 

wells, delayed yield, delayed drainage, and vertical anisotropy, all of which occur at the test site. Fig­

ure 14 shows the best match. The parameters determined from this match are: 
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Transmissivity = 38;600 ft2/d 
Aquifer thickness = 110ft 
Horizontal hydraulic conductivity = 351 ft/day 
Vertical hydraulic conductivity = l.1 ft/day 
Storativity - could not be accurately determined 
Specific yield - could not be accurately determined 

Figure 14. Drawdown and type curve match for aquifer test AT4A. 

The thickness of the zone that the pumping well drew water from is not known and it may'have 

been greater or less than the thickness of the Quartnery aquifer zone. In the analysis of this test however, 

it was assumed that the well drew from the full thickness of the Quartnery aquifer zone, but-not below 

it. This assumption was considered reasonable because the pumping well was screened at the top of the 

aquifer and the pumping rate of 40 gpm was relatively low. 

I?iscussion of user defined fitting parameters: The user specified fitting parameters (SISy, Kvl 

Kh, and gamma) were selected using the following logic. The gamma parameter, which determines how 

rapidly delayed drainage occurs was set at lx109, this relatively high value indicates that water drains 

instantaneously to the aquifer with decline in head at the water table. This rapid drainage to the aquifer 

is considered reasonable because in the vicinity of the test the aquifer consists of sands and gravels and 

the pumping well is screened across the water table. The K v/Kh parameter was 0.003 which resulted in 

a vertical hydraulic conductivity of l.1 ft/day. This ratio is a relatively low value, but did provide the 

best fit of the type curves to the data. The value for SISy was set to 1, which indicates that only an 

unconfined aquifer response curves were generated. This was considered reasonable because the aquifer 

consisted mostly of sand and gravel at the test site and the data curves showed no early confined 

response. 

Discussion of Test AT4A 

The hydraulic c5>nductivity of 351 ft/day falls within the range of values for coarse to very 

coarse sands (see table 2), which is reaSonable given the overall lithology of the test site. The KvlKh 

ratio determined was 0.003, this resulted in a vertical hydraulic conductivity of 1.1 ft/day. This ratio is 

lower than the expected range which is normally 0.1 to 0.01. The two monitoring wells, USGS 6 and 

11 SB, are not close together (the determination of K vlKh is dependent on ma~ching the separation of 
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the two curves) so anisotropy that affected the timing of drawdown in either well could easily have 

biased the determination of this ratio. However, the type curves were very sensitive to this parameter 

and there was little latitude in varying it while still mat,ching the data . 

Recommendations: If future tests are to be conducted using these wells then they should be 

tested to ensure that they are in good contact with the aquifer. Any well found to be in poor contact 

should be redeveloped. If the vertical extent of the zone from which the well is drawing water is impor­

tant then a well should monitored near the base of the Quartnery aquifer zone. 
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:~ . Description of Test AT5A 

Well AT5A was pumped at 166 gpm for just under 3 days. Water levels were measured in 5 

monitoring wells in the vicinity of the pumping well. Well locations are shown in figure 15 and a geo­

logic cross-section is shown in figure 16. The lithology at the test site consists of a complex mixture of 

gravels, sands, silts, and clays. There is a clay layer under well AT5A that could have prevented the 

pumping well from drawing water from deeper in the aquifer, a condition that was not present at the 

other sites. All of the wells, including the pumping well are partially penetrating, the pumping well is 

screened near the water table. 

Figure 15. Location of pumping and monitoring wells for aquifer test AT5A. 

Figure 16. Geologic cross-section for aquifer test AT5A. 

Analysis of Test AT5A 

Unfortunately, it is not possible to determine the aquifer properties at this site from the monitor­

ing well data. The data from each of the monitoring wells will be discussed separately. Well 14I proba­

bly h~d a poor connection to the aquifer and thus the data from this well could not be used. A log-log 

plot of the drawdown from this well is shown in figure 17. The data forms straight line which indicates 

that the well has a poor connection with the aquifer. Figure 18 shows all of the data from this well, after 

several days of recovery the water levels did not recovery to prepumping levels. The actual recovery 

was 1 ft below the initial level, while the background well had a downward trend of less than 0.1 ft, this 

further indicates a poor connection with the aquifer. 

Figure 17. Log-log plot of draw down in we1l14I. 

Figure 18. Water-level fluctuation in we1l14I. 

The water-level fluctuation in well17D is shown in figure 19, there is no apparent response to 
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pumpage during the test. This is probably because the well is screened below a clay layer and is thus 

hydrologically separated from the pumping well. 

Figure 19. Water-level fluctuation in well 17D. 

The water-level fluctuation in wells 131, 121, and 81 are shown in figures 20, 21, and 22, respec­

tively. As seen in each of these figures, there is no apparent drawdown during pumpage. The fact that 
c 

the wells all show the same samll downward trend indicates that they are connected to the aquifer. The 

anisotropy of the aquifer may have limited the drawdown in the direction of the wells or the wells may 

have been to far away. 

Figure 20. Water-level fluctuation in well 13I. 

Figure 21. Water-level fluctuation in well 12I. 

Figure 22. Water-level fluctuation in well 8I. 

Discussion of Test AT5A 

The lack of drawdown in well 17D is important because it shows that the clay layer at the bot­

tom of the pumping well separates the Quartnery aquifer zone into upper and lower layers at this site. 

This prevents the pumping well from drawing water from the deeper part of the aquifer. This also indi­

cates that the very low KvlKh ratios (for the other two tests) may be justified if clay stringers are 

present across those sites. 

Recommendations: If future tests are to be run using these wells then they should be tested to 

ensure that they are in good contact with the aquifer. Any well found to be in poor contact should be 

redeveloped. This is especially true for well 141. The connection to the aquifer needs to be determined, 

if it is poor then the well can be redeveloped and the test re-run. If the connection is good then another 

explanation for the response will need to be found and corrected, if possible, before re-running the test. 
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' .. "."--! SUMMARY OF AQUIFER TESTS RESULTS: 

TestAT3A 

Transmissivity = 32,700 ft2/d 
Aquifer thickness = 470·ft 
Horizontal hydraulic conductivity = 70 ft/day 
Vertical hydraulic conductivity = 0.7 ft/day 
Storativity - could not be accurately detennined 
Specific yield - could not be accurately detennined 

TestAT4A 

Transmissivity = 38,600 ft2/d 
Aquifer thickness = 110ft 
Horizontal hydraulic conductivity = 351 ftJday 
Vertical hydraulic conductivity = 1.1 ft/day 
Storativity -.could not be accurately detennined 
Specific yield - could not be accurately detennine 

TestATSA 

No results. 
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. Figure 1. Schedule of pumping and water-level monitoring for the three aquifer tests conducted at NIROP. . . 



ITable 1. Characteristics of wells used for aquifer tests at NIROP. 

Depth to 
Approx. Bottom of ~~ ~ .. i'· 

Well Screen Screen Depth ,to Screen Below Start -#~: ~~9 
Name Depth, Interval, Length, TOC, Radius, Water, Water Level, End ~~~ '\~ 

in ft in ft in ft in ft in ft inft inft --# 
Aguifer test A T3A 7/14/98:1215 -7/16Y~:1000 
Pum~ed well - AT3A 130 69 - 130 61 836.10 na 20 110 

USGS9 43 33 - 43 10 836.75 50 20 23 7/10:1200 - 7/20:0200 
USGS 10 128 118 - 128 10 837.13 45 20 108 7/13: 1100 - 7/20:0900 

61 77.7 72.5 - 77.7 5.2 837.24 16 20 57.7 7/13:1700 - 7/20:1000 
71 75 60 -75 15 836.82 50 20 55 7/10:1500'- 7/20:0900 ' 
81 72.5 67.5 - 72.5 5 836.82 66 20 52.5 7/14:1215 - 7/19:0500 

121 75 55 -75 20 834.94 175 20 55 7/13:1800 - 7/20:0900 

Aquifer test AT4A 7/21/98:1045 - 7/22/98:1345 

Pumped well- AT4A 47 15 - 46 31 836.44 na 20 26 
---- ---- ----------

USGS 6 43.8 33.8 - 43.8 10 837.01 87 20 24 7/20:1400 - 7/24:0900 
11S8 37 27-37 10 unk 12 20 17 7/20:1500 - 7/23:0800 

3S 40 18 - 33 15 836:15 - 200 20 13 7/20:1200 - 7/23:1600 

Aquifer test AT5A 7/27/98:1205 -7/30/98:1000 

Pumped well - AT5A 66 36 - 66 835.57 na 20 46 
141 66.8 56.8-66.8 835.21 35 20 46.8 7/24:1200 - 8/3:1400 
81' 72.5 67.5 - 72.5 836.82 -330 20 52.5 7/24:1400 - 7/30:0800 

121' 75 55 -75 834.94 -220 20 , 55 7/24:1300 - 8/3:1400 
170 104.4 94.2 - 104.4 835.24 -40 20 84.4 7/24:1200 - 8/3:1500 
131 834.96 -120 20 7/27:1205 - 8/3:1400 

Misc. 
USGS 2 38 28 - 38 837.62 7/20 - 8/3 
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Figure 2. Location of pumping well and monitoring wells for test AT3A. 
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Figure 5. Log-log plot of drawdown in all wells monitored during aquifer test AT3A. 
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Waterloo Hydrogeologic 
180 Columbia St. W. 
Waterloo, Ontario, Canada 

ph.(519)74S-1798 

Pumping Test No. 

Discharge 240.00 U.S.gal/min 
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'. I' .... 
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Aquifer thickness [ttl: 470.00 

Specific yield: 2.92 x 1 C-1 

Hydraulic conductivity vertical [ft/d]: 6.97 x 1C1 
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Figure 7. Drawdown and type curve match.in all wells monitored during aquifer test I ' 
AT3A. 
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Figure 8. Drawdown and type curve match for wells 71 and USGS 9. 
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Waterloo Hydrogeologic Pumping test analysis . Date: 10.08.1999 I Page 1 
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180 Columbia St. W. 

Waterloo. Ontario. Canada 
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Aquifer thickness [ttl: 470.00 

Hydraulic conductivity vertical [ft/d]: 6.97 x 1 C1 
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Figure 12. Locatioh of pumping and monitoring wells for aquifer test AT 4A. 



B 

850 
Approx. 
Land surface 

(j) 
('I') 

, ~'\ 
~~~ ~\"-:J\.~" 

f>..~~'\~~~ 
P ~~~ . 

fill 

~ 
Cl 
c 
'0. 
E 
::J 
Q. , 
« co 
~ (j) 
C:( ..-..-
I I clay 

co 
(j) 
(.!) 
(j) 
:::) 

81 

W t t· bl m.' ea. to coarse sand med. sand IT,. sand clay wlsand 
a er a e , ii silty sand f' ]; --

Approx ~ silty sand 3 1- ~ ~~~~~~ sand 

I.' 'fi=ll.i he7'med~"'~frid"co1IFsEi"'satia sand:and'gravel-'~ "-E ........ ' .---800 ~ 7-- rt:1ed. sand , ' I,: £ ;. -" - clay wlsand 
,,_,.J_ Silt and sand coarse sand t, N: " coarse sand t"" 

sand and gravel ~ rl __ gravel ii, j] coarse sand 
coarse gravel -- clay 

750 

700 

650 

Lithology consists of interbedded gravels, 
sands, silts, and some clay. 

Figure 13. Geologic cross-section for aquifer testAT4A. 

clay loam 

Quartnery aquifer zone 

Note: Wells are projected on to the section to show 
, their actual distance from the pumping well. 
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Figure 18. Water-level fluctuation in well 141. 
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Figure 20. Water-level fluctuation in well 131. 
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C9IT1P.~~~tiQ.n .Qf Type" Curves . for:' Flow 
.' ". toParti8l1y:Penetratil"l9 Wells:'in' 

Water~Table Aquifers 

by Allen F. Moench a 

Abstract 
Evaluation of Neuman's analytical solutionfor flow to a well in a homogeneous, anisotropic, water-table 

commonly requires large amounts of computation time and can produce inaccurate results for selected comb .. ' '"'IVIJI;)-tJ1 

parameters. Large computation times occur because the integrand of a semi-infmite integral involves the summation 
infinite series. Each term of the series requires evaluation of the roots of equations, and the series itself is sometimes S101Wlv~,'t 
convergent. Inaccuracies can result from lack of computer precision or from the use of improper methods of nlllm"r·i~.T' 
integration. In this paper it is proposed to use a method of numerical inversion of the Laplace transform solution, n",,,,.,,,o,", 
'Neuman, to overcome these difficulties. The solution in Laplace space is simpler in form than the real-time solution; 
the integrand of the semi-infinite integral does not involve an infmite series or the need to evaluate roots of equations. 
the integrand is evaluated rapidly, advanced methods of numerical integration can be used to' improve accuracy 
overall reduction in computation time. The proposed method of computing type curves, for which a partially UV'-UIUCllltU 

computer program (WTAQl) was written, was found to reduce computation time by factors of2 to 20 over the time needed 
evaluate the closed-form, real-time solution. • 

Introduction 
Ground-water hydrologists often conduct pumping 

tests in water-table aquifers to obtain parameters such as 
transmissivity, vertical and horizontal hydraulic conductiv­
ity, storativity, and specific yield. These parameters can be 
used for evaluation of aquifer performance or for simulation 
with digital models. 

Pumping tests conducted in confined or semiconfined 
aquifers can generally be analyzed in a straightforward 
manner using equations derived from simple boundary­
value problems. Analyses of aquifer tests conducted in 
water-table aquifers, on the other hand, are complicated by 
the need to include effects of the free surface in the mathe­
matical development. Complications result, in part, because 
the free surface gives rise to a three-dimensional flow field 
even though the pumped well might be screened throughout 
the saturated thickness of the aquifer. Because most of the 
pumped water is supplied by dewatering of pores, draw­
down ata given point is generally much less than in a 
confined aquifer where water is supplied because of a reduc­
tion of pore pressure. Also, changes in head in water-table 
aquifers occur slowly compared to those in confined aqui­
fers. Because of the lack of diagnostic curvature in the 
mid-range of time on a plot of drawdown versus time, 
accurate evaluation of aquifer parameters in water-table 
aquifers commonly requires long-term pumping tests. 

Analytical treatment of flow to a well in a water-table 

a U.S. Geological Survey, WRD, 345 Middlefield Rd., M.S. 
496, Menlo Park, California 94025. 
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aquifer requires several assumptions, some of which 
not appear to be physically justified. Practitioners ;)U\IU"'!I¥-,,,. 

aware of these limitations when using parameters 
analytical methods. Most ground-water hydrologists . 
to agree that the theory developed by·Neuman (1972, 
represents the state-of-the-art for analytical 
the various approaches, this theory appears to 
fewest objectionable approximations. 

The pioneering work of Boulton (1954) is also 
monly used by hydrogeologists, perhaps because, 
existence of type curves developed by Boulton (19 
applied and made readily accessible by Prickett ,,~."Y·>·'" 10 r 
However, a serious limitation to Boulton's analytical thic 
ment is that it does not account for vertical ,.,.."."n,..,np 

flow in the aquifer. As a consequence, the theory LdJ'111~"_W~ 
used to obtain the vertical hydraulic conductivity of 
aquifer, nor can it be extended to allow for pumping 
partially penetrating wells. 

For fully penetrating pumped and observation 
Neuman (1975), like Boulton (1963), presented a 
"universal" type curves that can be used to analyze 
down data obtained from observation wells located 
ferent distances. Unfortunately, the universal type 
are sometimes inappropriately used to analyze d 
data from partially penetrating wells. Such misuse 
to erroneous evaluation of aquifer parameters. 

For partially penetrating wells it is necessary to 
ate type curves for the particular pumped-well and, 
tion-well configuration. This involves computer 
of the solutions given by Neuman (1972, 1974). 
on the location of the pumped-well screen, 
screen or piezometer, and thickness of the aq~ifer, 
ing type curves sometimes bear little resemblanc~ 
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type curves. Neuman has made available a com­
program (DELA Y2) that has been widely used for this 

, Because of the complexity of the real-time solution, its 
, evaluation often requires much computer time and, 
• certain combinations of parameters, greater machine 

'."""~1"'''1 than readily available. Rolfes (1980) provided a 
IJ'fllliW'--- discussion of the difficulties inherent in evaluating 

solution and offered suggestions to accelerate conver­
and otherwise improve efficiencies. Unfortunately, 

Rolfes (1980) method was tested only for fully penetrat­
wells and appears to be most effective for dimensionless 

'· __ .~"""rc that are unlikely to be used in practice. 
In this paper it is shown that the difficulties described 

can be avoided by numerical inversion of the Laplace 
m::-.,ctl'lrm solution given by Neuman (1974). The method is 
I!DJLJ1"'''~''''~'~ in a computer program that can be used to 

type curves for analysis of pumping tests in water­
aquifers. 

euman's (1974) model for flow to a well in a water­
aquifer is based on several simplifying assumptions, 
here for convenience: 
. The aquifer is homogeneous, infinite in extent, and 
orm thickness. 
The aquifer can be anisotropic but the principal 
ns of the hydraulic conductivity tensor must be 
to the coordinate axes. 
Vertical flow along the lower boundary of the aqui­

U_,"",.,'_'_ (i.e., the lower boundary is impermeable). 
, Water is released instantaneously in a vertical direc­
, the zone above the water table in response to a 
'in the elevation of the water table. 
A well discharges at a constant rate from a specified 

an initially horizontal water table. ' 
, The change in saturated thickness of the aquifer due 

is small compared with the initial saturated 

pumped well and observation wells or piezome­
infinitesimal in diameter. 

," of the assumptions made by Neuman, namely, 
from the zone above the water table occurs 

in response to a decline in the elevation of 
table, has been criticized for not being realistic and 

"n •• nt·/>, to experimental findings. The influence of 
on predicted drawdown during an aquifer 

ial; and the reader' is' referred to the 
for discussion [e.f,;'Neuman (1987); Nwankwor 

1992); Akindunni and Gillham (1992);' and 
and Zhu (1993)]., 

1 is a diagrammatic cross section through a part 
C ...... "CUL<,U water-table aquifer with a partially penetrat­

well, an observation well, and an observation 
.' The figure illustrates the' parameters used to 

iocation of well screens, the location of observa­
'" '''and the anisotropiC character of hydraulic con­

, shown i~ the location of the origin of the 
parameters defined in Figure 1 can be 

_ J 

Pumped Observation Observation 
well well piezometer 

U n s 
__ 'L-_ 

d 

Sat 

d 

e d 

Z 0 n e 

z-l-
b 

Z 0 n e 

Fig. 1. Schematic diagram of partially penetrating wells in a 
homogeneous, anisotropic, water-table aquifer. 

normalized with respect to aquifer thickness in accordance 
with the definitions of Neuman (1974). They are listed in 
Table 1 along with the definitions of dimensionless time, to, 
and drawdown, ho. Dimensional quantities are defined in 
the Notation section. 

The solution can be expressed as the sum of three 
components: 

ho(P, a, Zo, to) = hOT + LlhoH + LlhoN (1) 

where ho represents the dimensionless drawdown at any , 
position inthe aquifer and at any value of dimensionless 
time after the start of pumping. The first term on the right­
hand side of (1), hOT, represents the Theis (1935) solution for 
flow to a' well in a confined aquifer. The second term, LlhoH, 
represents the deviation from the Theis' solution due to 
effects of partial4Jenetration in a confined aquifer (Hantush 
component). (The sum of hOT and LlhoH comprises the 
solution presented by Hantush, 1961). The third term, 
LlhoN, represents the deviation from the Theis or Hantush 
solutions due to effects' of the free surface (N.'euman 
component). 

The Laplace transform of equation (1) is obtained by 
performing the integral operation (Carslaw and Jaeger, 
1959), 

00 

L{v(t)} = yes) = f exp(-st) vet) dt (2) 
o 

where vet) is the original function, and yes) is its Laplace 
. "~'; .. -:'.,~ .;)' """~':-:~:}':_'" '-'~"":'.~' " .. :,.:.' . .':: 

Table 1. Dimensionless Expressions 
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transform. The Laplace transform variable, s, is inversely 
related to t. By virtue of the property of linearity of Laplace 
transforms (see, for example"Schwartz and Friedland, 
1965), the Laplace transform ofequatiori (1) becomes 

ho(,8, a, Zo, p) = hOT + ilhoH + ilhoN (3) 

where p, the Laplace transform variable, is inversely related 
to dimensionless time, to. 

The ftrst term on the right-hand side of (3) is the Theis 
solution in Laplace space and can be written as 

- 2Ko(J'P) 
hOT = ---'---=--'- (4) 

P 

where Ko is the modified Bessel function of the second kind 
and order zero. 

The second term can be written as 

2 00 1 
ilhoH = L - cos[n1T(l - zo)] 

1T(io-do) 0=( n 

" 2Ko(~) 
. [sin(n1Tlo) - sin (n1Tdo)] (5) 

p 

where J.1. = p + n2 1T2,8. Equations (4) and (5) combine to 
form the Hantush solution in Laplace space for partially 
penetrating wells in confined aquifers. For a fully"enetrat­
ing pumped well, 10 = 1 and do = 0; hence, equation (5) 
becomes zero. 

The third term on the right-hand side of (3) can be 
expressed as 

where 

_ 2 00 

ilh[)N = - J F (p, y) dy 
,8 0 

- 0 cosh (I/Izo) y Jo(y) F (p, y) = --=-2 -. ____ '---.....:c.-__ 

1/1 smh(l/I)[a,81/1 + p coth(I/I)] 

sinh[I/I(1 - 10)] - sinh [1/1 (l - do)] 
0= --------------------------

(to - do) sinh (1/1) 

1/12 = (l + p)/,8 

(6) 

Jo is the Bessel function of the first kind and order zero. For 
a fully penetrating pumped well it can be seen that 0 = - I. 

As written, equations (5) and(6) apply only to observa­
tion points (piezometers). To compute the average dimen­
sionless drawdown for fully or partially penetrating observa­
tion wells,it is necessary to integrate the terms in equation 
(3) that contain Zo as follows (see Neuman, 1974): 

Z02 

ho (,8,a,p)= J ho(,8,a,zo, p) dzo (7) 
ZD2 - ZOI Zo, 

Evaluation of Equations 
In this paper the right-hand side of equation (3) is 

evaluated term by term by numerical inversion for each 
value of dimensionless time of interest. The inversion is 
written symbolically as 

968 

ho(to) = L-1 {ho(p)} 

= L-1{hoTJ+ C1{ilhoHJ + L-I{ilhoN}" 
.: : 

where the three terms on the right-hand side of(8)" 
the inverses of equations (4), (5), and (6). ' , , 

c l {hod = 2C l { Ko (J'P) } 
p 

4 -I -
L {ilhoHJ = 

1T(!0 - do) 

00 

L 
0=;=1 

I 
- cos[n1T(I 
n 

K (Vii) :", 
. [sin (n1T10) - sin (n1Tdo)] L-1 { 0 If -}, 

p ,," 

-1 _ 2 00 

L {ilhor-;}= - J L-I{F(p,y)}dy 
,8 0 

The Stehfest (1970) algorithm is used to . 
Laplace transform solutions because of its speed, 
racy. The algorithms of Talbot (1979) and de 
(1982) were tested on equation (3) and found to 
rate results but took too much computation 
practical. Moench and Ogata (1984) discussed the 
method and demonstrated its application to ' 
well-hydraulics problems. 

Equations (9) and (10) are easily inverted 
because Ko is smoothly varying and declines ""v,"'n,,,""' 

with increasing value of its argument. Equation 
easily evaluated because it requires numerical" . 
well as numerical inversion. As integration is " .. ,"""MTI'·11 

integrand is inverted for each required value of the 
of integration. Becaus~ Jo is an oscillatory function 
to a damped cosine), F (p, y) is oscillatory. 
be carried out by summing the integral over each 
from one zero of Jo to the next in the manner prescno~ 
Neuman (1972) for partial sums: 

2 N 
ilhoN = - L 

f3 0=0 

Yn" 
J Fs(to, y) dy 

Yn 

- - ~ 
where Fs (to, y) = L I {F (p, y)}; yo = 0; and Yn = n 
Jo (y). N is the number of half cycles required to 
prescribed convergence criterion. 

The shape of the integrand Fs (to, y) demo, . 
difficulties sometimes encountered in the evaluation ofJ 
Figure 2 shows the oscillatory behavior of the ·n,p,,.nUlU 

a fully penetrating pumped well and for the indicated V"'··~··:t'II 
of the parameters to, ,8, and a. The values of the . 
integration for which the integrand switches sign ~M'",,""" 

spond to the zeros of Jo. Figure 2a shows the behavior 
integrand for a fully penetrating observation ',Veil, 
ures 2b and 2c show the behavior of the integrand at, 
vation points Zo = I and Zo = O. The integral 
summed over many half cycles to obtain accurate 
dimensionless drawdown at Zo = 1, whereas for zo " 
few as three half cycles appear adequate. 

Figures 3a and 3b show plots similar to 
fully penetrating pumped and observation wells' 
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rela~ively minor effect. Also, as shown in Figures 2b and 2c, 
the integrand is more oscillatory fo~ piezometers at the top 
of the aquifer than at the bottom . 

Because of the shape of the integrand as dimensionless 
time becomes large, an accurate value of the area under the 
first half cycle becomes increasingly'diffIcult to obtain. 
Accurate results require the use of an advanced technique 
for numerical integration than can handle integrand singu­
larities. The situation is improved somewhat by rewriting 
equation (4), the Theis equation in Laplace space, in the 
following form (Gradshteyn and Ryzhik, 1965, p. 678): 

- 2 f"" yJo(y) 
hOT = - --- dy 

pol + p 
(13) 

Shape of the integrand Fs (y) for a fully penetrating 
.~-EIri@:lpUlg well using the indicated values of to, /3, and a: (a) fully 

,"~l["'UI'" observation well, (b) observation piezometer located 

combining it with equation (6), and eliminating the first 
term on the right-hand side of equation (3). This operation 
!:.esults in the addition of yJo (Y)/ (pl/l2) to the expression for 
F(p, y) [see equation (6)]. The result is that the integrand 
takes on a more oscillatory character, and the first half cycle 
is more easily integrated. Figures 4a and 4b illustrate how 
the shape of the integrand is changed from that in Figures 3a 
and 3b as a result of the addition of the Laplace transform of 
the Theis equation to equation (6). At very large dimension­
less times, however, this operation will not always eliminate 
the need for a numerical integration algorithm that can 
accurately integrate a "spike-shaped" integrand. Also, the 
enhanced oscillatory behavior at small dimensionless time 

1, and (c) observation piezometer located at Zo = O. 

of f3 and a but for to = 102 and 104
, respectively. 

time increases, the importance of the inte­
the first half cycle increases until additional half 

be)';ond the first become superfluous. It can be dem­
graphically that the number of half cycles, N, 

to obtain convergence of the partial sum in equation 
, primarily upon tD; the values of f3 and a have a 

a. 

b. 

, will result in the need for additional terms in the partial sum 
and thus 'add to the computation time. Implementation of 
this approach appears to be advantageous: only for very 
large values of dimerisioDless tim(:. " ~ 

If the integrand is highly oscillatory, many terms could 
be needed to meet a given convergence criterion. Conver­
gence can be accelerated by using the Euler tninsformation 
(DaviS and R'abiilowitz, 1984, p. 230). The transformation 
applies toalterriating series whose terms monotonically 
decrease in absolute value. In applying the Euler transfor-
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mation to equation (12), it is necessary to note that occa­
sionally, for smallvalues of dimensionless time, the first few 
terms could increase in absolute value before they reach a 
maximum' and startto decline in value. These terms must be 
summed together and added to the result obtained by the 
Euler transformation. 

With the computer program developed by the author 
for this study,· it was found: that numerical inversion of 
equation (3) by the Stehfest (1970) algorithm results in a 
significant reduction in computation time compared to 
evaluation of the closed-form, real-time solution with 
DELAY2. (The comparison was made using a personal 
computer with user-callable system subroutines provided by 
the compiler as extensions to the FORTRAN language. 
These allow the user to record the elapsed run time.) 
Reduced computation time results because evaluation of the 
real-time solution requires, for each value of the variable of 
integration, summation over an infinite series for which the 
roots of equations must be obtained, whereas evaluation of 
the Laplace transform solution by the Stehfest algorithm 
requires, f<,?r each value of the variable of integration, sum­
mation over a finite series involving either eight or ten terms. 
The evaluation of the infinite series in the real-time solution, 
which can be slowly convergent for certain combinations of 
parameters, sometimes requires high computer precision to 
obtain accurate results. , 

. Both methods require integration of the oscillatory 
integrand, the first term of which approaches a singularity 
with increasing values of dimensionless time. By performing 
the numerical integration with an algorithm (ACM Algo­
rithm 691) described by Favoti et al. (1991), which improves 
upon QUADPACK automatic integration routines 
(Piessens et al., 1983), it was possible to obtain significantly 
more accurate results than with the simple, 20-point 
Gaussian quadrature used in DELA Y2. In addition, use of 
the Euler transformation to accelerate convergence of the 
partial sums decreased computation time for small values of 
dimensionless time. The Euler transformation subroutine 
provided by Press et al. (1986) is used in the computer 
program. 

Type Curves 
A computer program named WTAQ 1 was written for 

the purpose of generating type curves for fully or partially 
penetrating wells in water-table aquifers (or confined aqui­
fers) and is available from the author upon request. A field 
example that makes use of this approach can be found in 
Moench et al. (1993). This example involves a 72-hour 
pumping test with multiple observation piezometers in a 
sand and gravel, glacial outwash deposit on Cape Cod, 
Massachusetts. 

Fully penetrating wells: ResultsoQ.~ained by the 
method described here agree with those obtained by evalua­
tion of the real-time solution over a wide range of parame­
ters. Table 1 of Neuman (1975) can be reproduced to the full, 
three significant figures by either method, but DELA Y2 
generally requires 2 to 20 times more coml?utation time than 
WTAQ1. The larger saving in computat~on time applies to 
smali dimensionless times where more integration is needed 
to obtain convergence of the partial sum. 

970 

Partially penetrating wells: To illustrate: 
tages of WT AQ 1 for flow to partially penetrating' 
curves were computed for the response due to ~ 
well whose screen is located near the top of 
Figure 5a shows dimensionless drawdown in an <> 

well located opposite the pumped-well screen, and 
shows the response near the bottom of the aquifer. 
to compute the curves with DELA Y2 led to 
inaccuracies at large dimensionless times 
about 105

) and took about four times as much 
time. Upon substitution of the numerical . 
Algorithm 691, for the Gaussian quadrature 'nt,. __ "" 

DELA Y2, results were obtained that were the 
in Figure 5 with one major exception: the type 
f3 = 102 showed a reduced rate of increase in drawd 
increase in dimensionless time beyond about 1 
reached a constant value of about 9.4 in the . 

6-' 7 
time range between 10 and 10 . (Forlarge f3 and 
type curve should fallon the Theis curve 
factor of 1 + 1/ a.) The erroneous result in this 
apparently due to difficulties in evaluating the . 
in the real-time solution, described above .. Use. 
advanced numerical integrator in DELA Y2, 
resulted in a hundredfold increase in computation 
that required by WTAQ 1. The latter took about one' . 
on a PC with an 80486-33 MHz microprocessor to 
approximately 130 points (equally spaced on the 
ax.is) from which the type curves were constructed.: •. 
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Fig. 5. Type curves.for partially penetrating pumping and. 
vation wells for a = 10-\ 10 = 0.1 0, and do = 0.05 
indicated values of (3, lOI, and lO,: (a) observation 
located near the water table opposite the pump 
(b) observation well screen located near the bottom of the , 
A Theis type curve is shown for comparison. 



analytical solutions published by Neuman (1972, 
for flow to fully or partially penetrating wells in a 

aquifer can be accurately and rapidly evaluated 
inversion of the Laplace transform solutions. 

proposed method is a significant improvement over the 
~·nVI:;;l1"Vl1a.l approach for generating type curves for obser­

wells and piezometers in water-table aquifers. 

owledgments 
. I thank my colleagues Stanley Leake and Edwin Weeks 

comments on an early version of the manuscript 
anonymous reviewers for the journal. Stan Leake 

suggestions for making the computer program 
"user friendly." It was through his persistent urging 

. this paper materialized. 

of 

function of the first kind and order zero. 

.. HI" ........ " Bessel function of the second kind and order 

. conductivity in the vertical direction, L rl. 

an:smlSs'IVl'l :y, L2 T- I
. 

since start of pumping, T. 

of integration. 

distance above bottom of aquifer, L. 

distance from bottom of aquifer to bottom of 

F. F. and R. W. Gillham. 1992. Unsaturated and 
flow in response to pumping of an unconfined 

Numerical investigation of' delayed drainage. 
Water. v. 30, pp. 873-884. 

S. 1954. Unsteady radial flow to a pumped well 
~<Ul'UW.1Ul!. for delayed yield from storage. Intern. Assoc. Sci. 

. Rome. Pub!.}7, pp. 472477>,. ". 
; S> 196r Analysis"o(data' from non-equilibrium 

1""l1v'J ., ..... )!. • testS '-allowirig for'delayed yield from storage. 
Inst o~ Civil Engin~ering; v. 26, pp; 469482. ;,'. 

Carslaw, H. S. and J. C. Jaeger. 1959. Conduction of Heat in 
Solids. Oxford University Press, London. 

Davis, P. J. and P. Rabinowitz. 1984. Methods of Numerical 
Integration. Academic Press, San Diego. 

de Hoog, F. R., J. H. Knight, and A. N. Stokes. 1982. An 
improved method for numerical inversion of Laplace trans­
forms using a Fourier series approximation. SIAM'J. Sci. 
Stat. Com put. v. 3, pp. 357-366. 

Favoti, P., G. Lotti, and F. Romani. 1991. Algorithm 691: 
Improving QUADPACK automatic integration routines. 
ACM Transactions on Mathematical Software. v. 17, pp. 
218-232. 

Gradshteyn, I. S. and I. W. Ryzhik. 1965. Tables of Integrals, 
Series, and Products. Academic Press, New York. 

Hantush, M. S. 1961. Drawdown around a partially penetrating 
well. Proc. of the ASCE, Journal of the Hydraulics Divi­
sion. v. 87, pp. 83-98. 

Moench, A. F., D. R. leBlanc, and S. P. Garabedian. 1993. 
Preliminary type-curve analysis of an aquifer test in an 
unconfined sand and gravel aquifer, Cape Cod, Massachu­
seW;. Proceedings of the Sixth Toxies Substances Hydrol­
ogy Technical Meeting, Sept. 20-24, 199,3, Colorado 
Springs, CO. In press. 

Moench, A. F. and A. Ogata 1984. Analysis of constant discharge 
wells by numerical inversion of Laplace transform solu­
tions. In: Groundwater Hydraulics, Water Resources 
Monograph Series. v. 9, pp. 147-170. 

Narasimhan, T. N. and M. Zhu. 1993. Transient flow of water to a 
well in an unconfined aquifer: Applicability of some con­
ceptual models. Water Resources Research. v. 29, pp. 
179-191. 

Neuman, S. P. 1972. Theory of flow in unconfmed aquifers 
considering delayed response of the water' table. Water 
Resources Research. v. 8, pp. 1031-1044. 

Neuman, S. P. 1974. Effects of partial penetration on flow in 
unconfined aquifers considering delayed aquifer response. 

_ Water Resources Research. v. 10, pp. 303-312. 
Neuman, S. P. 1975. Analysis of pumping test data from aniso­

tropic unconfined aquifers considering delayed gravity 
response. Water Resources Research. v. II, pp. 329-342. 

Neuman, S. P. 1987. On methods of determining specific yield .. 
Ground Water. v. 25, pp. 679-684. . 

Nwankwor, G. I., J. A. Cherry, and R. W. Gillham. 1984. A 
comparative study of specific yield determinations for a 
shallow sand aquifer. GroundWater. v. 22, pp. 764-772. 

Nwankwor, G. I., R. W. Gillham, G. van der Kamp, and F. F. 
Akindunni.' 1992. Unsaturated and saturated flow in 
response to pumping of an unconfined aquifer: Field evi­
dence of delayed drainage. Ground Water. v. 30, pp. 
690-700. 

Piessens, R., E. de Doncker, C. Ueberhuber, and D. Kahaner. 
1983. QUAD PACK: A Subroutine Package for Automatic 
Integration. Springer-Verlag, Berlin. 

Press, W. H., B. P. Flannery, S. A. Teukolsky, and W. T. 
Vettering. 1986. Numerical Recipes: The Art of Scientific 
Computing. Cambridge University Press, New York .. 

Prickett, T. A. 1965. Type-curve solution to aquifer tests under 
. water~tab1e conditions. Ground Water. v. 3, pp. 5-14.'. 

Rolfes; L. 1980. A 'riumerical method for the calculation' of the 
average drawdown in a fully penetrating observation well in 
an unconfined aquifer. Water Resources Research; v.' 16, 
pp. 887-890. 

Schwartz, R. J. and B. Friedland. 1965. Linear Systems. 
McGraw-Hill, New York. 

Stehfest, H. 1970. Numerical inversion of Laplace transforms. 
Commun; ACM. v. 13, pp. 4749. 

Talbot, A. 1979; The accurate numerical inversion of Laplace 
transforms. J. Inst. Math. Its. Appl.y'. 23, pp. 97-120;.' .: 

Theis, C; V. 1935; The relation between the lowering of the piez07' ' .. : 
.:.: metric surface and the rate ahd duration' of discharge of a' 

. ': ..•... wCI1 using' ground-water storage. Trans:' Airier: Geophys>' 
>. Union. v. 16, pp. 519-524.:': :):':": 

.' .. ,.-



Cornbir,"in::~\th;e';lN'~O:man~';a:nd Boul'lon'i,#'I\II'odels;:::, ,: 
for Flow--~~"w~ir,'n' anUricohfiried'Aq'uifef.: 

by Allen F. Moench a 

( 
Abstract 

A Laplace transform solution is presented for flow to a well in a homogeneous, water-table aquifer with noninstarita­
neous drainage of water from the zone above the water table. The Boulton convolution integral is combined with Darcy's law 
and used as an upper boundary condition to replace the condition used by Neuman. Boulton's integral derives from the 
assumption that water drained from the unsaturated zone is released gradually in a manner that varies exponentially with 
time in response to a unit decline in hydraulic head, whereas the condition used by Newman assumes that the water is releaSed 
instantaneously. The result is a solution that reduces to the solution obtained by Neuman as the rate of release of water from 
the zone above the water table increases. A dimensionless fitting parameter, 'Y, is introduced that incorporates vertical 
hydraulic conductivity, satUrated thickneSs, specific yield, and an empirical constant a I, similar to Boulton's a. Results show 
that theoretical drawdown in water-table piezometers is amplified by noninstantaneous drainage from the unsaturated zone 
to a greater extent than drawdown in piezometers located at depth in the saturated zone. This difference provides a basis for 
evaluating 'Y by type-curve matching in addition to the other dimensionless parameters. Analysis of drawdown in selected 
piezometers from the published results of two aquifer tests conducted in relatively homogeneous glachll outwash deposits but 
with significantly different hydraulic conductivities reveals improved comparison between the theoretical type curves and the 
hydraulic head measured in water-table piezometers. 

Introduction 
Analytical solutions for flow to a well in a water-table 

aquifer, developed by Neuman (1972, 1974), were derived 
under the assumption that the drainage of pores from the 
zone above the water table, occurs instantaneously in 
response to a decline in the elevation of the water table. This 
common assumption has been criticized for not being real­
istic and running counter to experimental findings (see 
Nwankwor et al., 1992, and Narasimhan and Zhu, 1993). In 
spite of the possible limitations inherent in the assumption, 
the Neuman model has been used successfully by many 
hydrogeologists in the analysis of pumping tests conducted 
in water-table aquifers. One of the primary features of the 
model is that it allows drawdown to vary continuously in the 
vertical as well as the horizontal directions, thus retaining 
the full three-dimensional, axisymmetric character of the 
flow regime. Another feature is that the model accounts for 
aquifer compressibility. 

The two-dimensional, axisymmetric model developed 
by Boulton (1954, 1963) is also used to analyze pumping-test 
data from water-table aquifers. Boulton's original model 
does not account for vertical components of flow in the 
aquifer and cannot be used for partially penetrating wells or 
for estimating vertical hydraulic conductivity, but it does 
take into consideration noninstantaneous release of water 
from the zone above a falling water table. Boulton (1954) 
assumed that the drainage of pores in this zone occurs as an 
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exponential function of time in response to a step change in 
hydraulic head in the aquifer. Such a response can be 
derived theoretically for drainage at the base of a vertical 
column of incompressible soil within which the water table 
lies (see, for example, Dagan and Kroszynski, 1971, and 
Cooley and Case, 1973). Indeed, Boulton (1954) actually 
developed his theory under the assumption that the delayed 
drainage occurs through fme-grained material overlying a 
coarse-grained aquifer. He later argued (Boulton, 1973) that 
a thin stratum of low-permeability soil through which the 
water table is falling is a necessary condition for the slow 
drainage described by Boulton (1954, 1963). Boulton and 
Streltsova (1975) extended this work by considering an aqui­
fer overlain by a water-table aquitard (or layer of low­
permeability material containing the water table). Because 
the boundary condition used for water table in the aquitard 
is the same as that used by Neuman (1974) for the upper 
boundary ofthe aquifer, their solution reduces to Neuman's 
solution as the aquitard thickness becomes zero. An earlier 
treatment of the problem of flow to a well in an aquifer 
overlain by a water-table aquitard is given by Cooley and 
Case (1973). 

Vachaud (1968) demonstrated by means of laboratory 
drainage experiments on river sand and Narasimhan and 
Zhu (1993) showed by numerical experiments that the 
exponential approximation is an oversimplification of the 
actual drainage process. Dagan and Kroszynski (1971), 
Kroszynski and Dagan (1975), and Cooley and Case (1973) 
provide alternative formulations which derive from solution 
of linearized forms of the Richards equation and from 
assumed approximate representations of the flow properties 
ofthe unsaturated zone. Such formulations should improve 
upon the simple exponential relation. Use of these or similar 
relatively complicated analytical representations of th~ 
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drainage process is beyond the scope of the present paper. It 
is clear,. however, that the inclusion of time-<iependent 
drainage in any reasonable fonn would be an improvement 
over the assumption of instantaneous drainage. 

Dagan (1967) developed a model that is similar to that' 
of Neuman (1972, 1974) except that it does not allow for 
compressiblity of the aquifer. Dagan's work was extended 
by Boulton and Pontin (1971) to account for effects of 
delayed yield. This was accomplished by modifying the 
free-surface condition used by Dagan (1967) so that, in 
addition to an instantaneous release of water by vertical 
drainage from the zone above the water table, two other 
components that account for short-tenn and long-tenn 
delayed yield were added. In this context, however, it is not 
clear what is meant by "instantaneous yield, n what its mag­
nitude is, and at what point in time the short-tenn delayed 
yield takes over from the instantaneous yield. If the process 
being described is one involving delayed yield, the release of 
water from the unsaturated zone should be continuously 
changing in response to a step change in the elevation ofthe 
water table and there should be no instantaneous yield. In 
an appendix of another paper, Boulton (1970) presents a 
solution to a similar problem, involving a fully penetrating 
pumped well, for which effects of delayed yield were con­
sidered. The manner in which delayed yield was included in 
the development, however, is not clear as no derivation is 
provided. Also, the solution does not appear to have been 
used by Boulton for data analysis. 

In support of Boulton's pioneering work the recent 
findings by Akindunni and Gillham (1992), N wankwor et al. 
(1992), Narasimhan and Zhu (1993), and Moench (1994) 
demonstrate that effects of slow drainage from the zone 
above the water table are manifest in some piezometers, 
especially those located near the water table, during pump­
ing tests in unconfined aquifers. Kroszynski and Dagan 
(1975) demonstrated from a theoretical viewpoint, by means 
of a numerical model and an approximate analytical model, 
that such effects would 6ct:'ur but that they could be ne­
glected for purposes of pumping-test analysis. A similar con­
clusion was reached by Brutsaert and EI-Kadi (1984) who 
presented a criterion, similar to that used by Kroszynski and , 
Dagan (1975) in their analytical solution, for determining 
the conditions under which effects of flow from the unsatu­
rated zone might be important in pumping-test analysis .. 
The criterion states that if a representative thickness of the 
capillary fringe, 'l'1, is much less than the saturated thick­
ness of the aquifer, b, then effects of the unSaturated zone 

, upon drawdown in the saturated zone can be neglected. The 
difficulty with this criterion is that the required magnitude of 
the ratio 'l'1 / b may depend upon the location of the particu­
lar )liezometers being used. In two instances described by 
Mdench (1994) effects of the unsaturated zone are negligible 
for deep-seated piezometers and for long-screened observa­
tion wells but not negligible for water-table piezometers. In 

'. one instance 'l'11 b is approximately 0.05 and in the other it 
, is probably much less than that. In the former instance, 

temporal and sp~tial measurements of water content' and 
hydraulic he3.d within the ~'D.saturated zone in the courSe of 
a pumping test (NwaDkwor'et al:; 1992) conviiicingly deniori~:' 

,.'" ,". .... . .' .' 

'. . strate the direct connection between delayed release of water 
from the unsaturated zone and observations of hydraulic 
head in piezometers located at the water table. 

The purpose of this paper is to incorporate the Boulton 
(1954) convolution integral'for delayed drainage into the 
Neuman (1972, 1974) model and to use the resulting solution 
to improve the match between theoretical type curves and 
drawdown measured in water-table piezometers during 
pumping tests. An empirical constant, al, similar to 
Boulton's a, is introd uced. The approach is siQ1ilar to that of 
Boulton and Pontin (1971) but eliminates the ambiguous 
"instantaneous yield~ tenn from consideration. It also 
allows for aquifer compressibility. The solution is mathe­
matically similar to that presented by Boulton and Streltsova 
(1975) but is conceptually different in that no stratum of 
low-penneability material is assumed to overlie the aquifer. 
No attempt is made to quantitatively relate the empirical 
constant to physically defined parameters in the zone above 
or near the water table. Assumptions req uired to make such 
an association are deemed unjustified. The solution pre­
sented in this paper is obtained in Laplace space and 
inverted numerically using the method described by Moench 
(1993). The inclusion bf an empirical constant 10 partially 
account for effects of delayed yield is found to. improve the 
match between theoretical type curves and field data. Type­
curve matching can be used to determine the usual hydraulic 
parameters as well as the empirical constant. 

Boundary-Value Problem 
Neuman (1972, 1974) obtained a solution to the 

boundary-value problem for flow to fully and partially pene­
trating wells 'in a compressible, unconfmed aquifer. The 
governing equation is 

• a 2h I ah Kz a2h S ah 
ar2 + ~ ar + Kr az2 = bK r at (1) 

The symbols are defined in the Notation. The initial and 
boundary conditions are 

h(r, z, 0) = 0 (2) 

h(oo, z, t) = 0 (3) 

ah 
- (r 0 t) = 0 az ' , (4) 

lim' 
b-d ah Q 

r"':"O J r - dz=-- , (5) 
b-l ar , . ' 21TK~ .. 

K ah (r b t) = -S ' ah(r, b, t),; ~ :--',; (6) 
z az'" , Y, ' at", .. ' , ' , 

• To be complete, equation (5) should also state that flow 
in the radial direction along the axis of the pumped well 
above and below the screened section is zero: Equation (6) is 
the condition that permits the water table to'm'ove ireely in 
the vertical directi6n~ ~ith regard to the zone above the 
water table where water is held under tension.;equatlon (6):,. ' 
~plies that' the:e'q~ilibriuIri proftle~fs9ifin~iStu~~,'ye.rsus·;; 
depth, in the uruiaturatedaIid nearly '~aiurated,:zonei m~y~s: 

. .,,: . ..::,' " "'! ~ •• ,.' , 

:,': 
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instantaneously inthe'verti~al di~ection by an a~ount equal 
to the 'change'iDaltitude'6f th{water table. '. ..... , '. 

. Boulton (1954) defmedthe 'rate' of drainage per unit 
area from fine':giained material. overlying the aquifer at time . 
t as '.::' .. . . .' .... , .. '.' 

. " "- t ah . 
q(r,b,t)=ex1Sy I -a' e-a,(t-t')dt' (7) 

. 0 t " 

where ex 1 is an empirical constant. Boulton's ex is subscripted 
in this paper to avoid confusion because it is used differently 
and takes on a slightly differentmearung. Applying Darcy's 
law arid assummg one-dimensional verticcil flow in the zone 
above the water table, equation (7) becomes .. 

ah It ah· ( ') 
KZ -a (r,b,t)=-exlSy -a' e-:a,t-t dt' (8) 

Z 0 t 

As discussed in the introduction, (8) can be derived by 
assuming vertical flow in a column of porous material above . 
the water table under the conditions: (1) that the water and 
porous material'are incompressible, and (2) that drainage 
from the unsaturated part of the column occurs instanta­
neously. Cooley and Case (1973) applied the equation as a 
free-surface condition to obtain an analytical solution to the 
p.robl~m of flow to a well that. fully penetrates an a'luifer . 
overlam by a water-table aqultard. They found that the 
solution compared favorably with a numerical model devel­
oped by Cooley (1971) that made none of the linearizations 
required in the development of the analytical solution. 
Cooley (1971) also showed that Boulton's convolution inte­
gral is an adequate approximation for the free-surface con­
dition in both a water-table aquifer and an aquifer with an 
overlying water-table aquitard. 

The theoretical basis for use of (8) at the water table is 
weak. In this paper the equation is assumed to be nothing 
more than an empirical relation approximating the vertical 
flux of water at the base of the capillary fringe that occurs in 
response to temporally varying hydraulic head at the water 
table. The hydraulic properties of the porous material above 
and below the water table are assumed to be identical, in 
accordance with the assumption of aquifer homogeneity. 
No particular physical meaning is attached to the empirical 
constant ex 1 other than that its inverse may be thought of as a 
relaxation coefficient, or a characteristic time scale. Boulton 
(1963) defmed 1/ ex as the "delay index." Because the convo­
lution relation is used differently here than by Boulton, 
evaluation of the parameter by use of Boulton'~ type curves 
may not yield the same value as evaluation by the theory 
proposed in this paper. 

Substituting the dimensionless parameters listed in 
Table 1 into equations (1 )-(5) and (8), and assuming uniform 
flux along the screened section of the wellbore so that the 
integral in (5) drops out, one obtains the following boundary­
value problem: 
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a2
ho 1 -+­

ar02 ro 
(9) 

ho(ro, Zo, 0) = 0 (10) 

ho(oo,Zo,'to) = 0 ,; ....... : ~ ;'~:.!~'(ll) ,: .' 

ah o -a - (ro, 0, to) = 0 . (12) . 
Zo 

lim aho. 2 
ro-Oroaro=-(lo-do) (13) 

aho to ah ( 
. -- (ro, 1, to) = -"I I __ 0 e-ya/l(to-T)dT (14) 

azo . 0 aT 
The dimensionless form of (6), which (14) replaces, is .. 

. aho 1 aho(ro, 1, to) 
- (ro, 1, to) = - - (14') 
azo af3 ato 

It can be seen that with the introduction of the dimen­
sionless time, to, there results a natural dimensionless 
parameter, "I, composed of the empirical constant ex 1, verti­
cal hydraulic conductivity, saturated thickness, and specific 
yield. This parameter is the inverse of a dimensionless 
expression given by Boulton (1970, Appendix 3). In another 
paper, Boulton and Pontin (1971) introduce dimensionless 
parameters composed of the same quantities but with empir­
ical constants that take on different physical meanings. 

Application of the method of Laplace transformation 
to (9)-(14) leads to the following subsidiary equations: 

r - r-
d ho 1 dh o d ho pho 
--+- -+Ko--=- (15) 
dr02 ro dro dz02 r02 

ho(oo, Zo, p) = 0 (16) 

dho 
- (ro, 0, p) = 0 (17) 
dZ D 

-
lim dh o -2 

ro - =(18) 
ro-O drD p(ID-dD) 
- -

dhD hDp 
- (ro, 1, p) = - (19) 
dZD a{3 + ph 

For comparison the Laplace transform of (14') is 
- -

dho hop 
--(rD, 1, p) = ---
dzo a{3 

(19') 

The Laplace transform variable, p, is inversely related to to. 
The solution to Neuman's boundary-value problem 

defined by (15)-(19) and (19') is given by Moench (1993). 

Table i. Dimensionless Expressions 

\ tD Tt/r2S 
tOy Tt/r2Sy 
ho 4rrT(hi - h)/Q 
ro rIb 
Zo z/b 
KD Kz/Kr 
lo lIb 
do d/b 
(3 Kzr2/(K rb

2
) 

a S/Sy 
'Y Q1bSy/Kz 



Comparison of (19) with (19') reveals that the Laplace trans­
form solution to the present problem can be written down 
directly from Moench (1993) by replacing of3 by of3 + p/ y. 
Thus, the new solution is written as: 

- - - -
ho(y, 0, f3, Zo, p) = hOT + LlhoH + LlhoN (20) 

where 

- 2 Ko(JP) 
hOT=----

P 
_ 2 00 I 

llhoH = L - cos [n7r(1 - zo)] 
7r(t0 - do) n.= I n 

2 Ko(~) 
. [sin(n7rlo) - sin(n7rd o)] ---­

p 

_ 2 00 

LlhoN = - f F(p, y) dy 
f3 0 

- 0 cosh ('l'zo) y Jo(y) 
F(p, y) = -2-.----------­

'l' smh('l') ['l'(of3 + ph) + p coth('l')] 

sinh['l'(1 - 10) - sinh['l'(1 - do)] 
0=-------------------------

(to - do) sinh('l') 

'l'2 = (y2 + p)/ f3 

J.L = p + n2
7r

2f3 

Ko is the modified Bessel function of the second kind and. 
order zero, and J 0 is the Bessel function of the first kind and 
order zero. 

Because p ~ inversely related to to, the term p/ "I, in the 
expression for F (p, y), becomes small relative to the con­
stant product of3 as either "I or dimensionless time increases 
and consequently (20) reduces to the Neuman solution. 
Equation (20) is evaluated in the manner described by 
Moench (1993) with no added complications. A revised 
version of the computer code (WTAQ I) is available from the 
author upon request. 

Theoretical Responses 
It is of interest to compare hypothetical responses 

(dimensionless drawdown, ho, versus dimensionless time, 
tOy) produced by the Neuman model with the responses 
obtained by equation (20) for various values of "I in piezome­
ters located at different vertical and horizontal positions in 
the aquifer. Figures I and 2 illustrate responses that occur as 
a result of holding f3 and a constant while varying "I, or 
holding "I and a constant while varying f3. Since "I contains 
parameters that are shared by both f3 and 0, it is perhaps 
easiest io envision what is going on in Figures 1 and 2 by 
assuming that "I varies only with a I and that f3 varies only 
with r. Thus, Figure 1 illustrates the theoretical drawdown 
that occurs at a fixed distance, r, as a I is varied and Figure 2 
illustrates the theoretical drawdown for two fixed values of 
~'I' as the distance;' r~ is varied. It should be noted that' a is 

. heid constantin. th.ese)llustrati.9ru.;;,.;-. 0;' .. ,.: '," . .: 

.' ··.c·· For a fully penetrating pumped well imd fixed values of 
.. a and f3, Figure.' I a shows the response at the top of the 
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Fig. 1. Theoretical responses for various values of y compared 
with the response for instantaneous drainage (y = 00): (a) for a 
water-table piezometer (ZD = 1); (b) for a piezometer located at 
the bottom of the aquifer (zo = 0). LB = 1 and a = 10-3

; I D = 1 and 
dD = 0]. 
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.:. :. aqu~er (zo ~'i); and Fi~rel b.shows. ~h~resPo!1se._~i.: the .. ; :; . ·::·Table 2. Pos~tio~ of the P,iez~meters ror.t~e .Cape~od:·t;;i~e~ .. , 
. bottom of the' aquifer (zo :::::0) 'for:'~arioii~valuesof ;Y :For . '. 
~mail values'of al(large reIaxationtimefwater is 'slow to 
drain from 'the unsaturated zo~'e irid the t·heoretic3.J. draw- . 
dow'n is enhanced. "As al (or 'Y) bec~m'es'large the 'aq'uifer 
response approaches the response obtained by the Neuman 
model ('Y = (0) for instantaneous release of water from the 
unsaturated zone. Comparison of Figures 1 a and I b dem­
onstrates that the effect of delayed drainage is more appar­
ent at the water table than at the bottom of the aquifer. This 
difference provides a basis for estimating 'Y by trial and error 
type-curve matching. . . 

. . For a fully penetrating pumped well and flxed values of 
a and 'Y, Figure 2a shows responses at the top of the aquifer 
and Figure 2b shows responses at the bottom of the aquifer 
for various values of {3. The responses for 'Y = 00 (actually, 
'Y = 106 in the computations) are identical to the solution 
obtained by the Neuman model. As dimensionless time 
increases the responses for 'Y= 10 asymptotically approach 
the responses obtained by the Neuman model. Comparison 
of Figures 2a and 2b again demonstrates that the effect of 
delayed drainage manifests itself to a greater extent in 
water-table piezometers than in piezometers located at 
depth in the saturated zone. Figure 2a also shows that 
enhanced drawdown due to delayed drainage is most appar­
ent near the pumped well (small f3). • 
Applications to Aquifer-Test Analysis 

Type-curve analyses of pumping tests that were con­
ducted in two relatively homogeneous, glacial outwash, 
water-table aquifers with significantly different hydraulic 
conductivities (see Table 3) were carried out by Moench 
(1994). The aquifer tests referred to are the Borden site 
pumping test described by Nwankwor et aI. (1984) and the 
Cape Cod site pumping test described by Moench et al. 
(1995). The reader is directed to the cited literature for 
particulars of the tests not covered in this paper. The analy­
ses were based on the Neuman (1974) model for f10w to a 
partially penetrating well that is pumped at a constant rate. 
In each instance a single "glo bal" match point on composite 
(t/r2) plots was obtained for nearly all the available draw­
down data. The data were found to agree reasonably well 
with theoretical responses and unambiguous estimates of 
the aquifers' hydraulic properties were obtained. The early 
and intermediate time drawdown in piezometers located 
near the water table departed signiflcantly, however, from 
the theoretical type curves, and it was not possible to obtain 
diagnostic estimates of vertical hydraulic cond uctivity based 
on use of the water-table piezometers alone. For reasons 
discussed by Moench (1994), no attempt was made to evalu­
ate aquifer storativity at either site. 

Cape Cod. At the Cape Cod site the water table at the 
time of the test was located at a depth of approximately 20 
feet below land surface and the initial saturated thickness 
was estimated to be 160 feet. The pumped well was screened 
from 13.1 to 60 feet below the water table (10 = 0.375 and do 
= 0.082) and was pumped at a constant rate of 320 gpm for 
72 hours. The drawdown measured in three of the piezome­
ters located near the water table are used here. The positions 
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. Piezo'meter . 
, 'number 

F505"{)32 
F504-032 

'F383"{)32 

r' (ft) . 

23.9 
46.6 

·93.0 

':'. '.' ".;' b ".;': :',: ····2· 
Depth. (ft) '.. '. ro '. 

. 10.7 . . 0.022 
9.6 0.085 

12.1 0.34 

, .,' ,',,':, "', . 

· . .0.93 
0.93 
0.92 

aDimensionless ratios, fo and Zo, based on a saturated thickness 
'of 160 feet. 

b Approximate depth below the initial water table to the top of the 
two-foot long piezometer screen . 

of these piezometers are given in Table 2. Figure 3a shows a 
composite plot of measured drawdown With type curves, 
which had been obtained by Moench et al. (1995) for the 
specified piezometerS, superimposed. A Theis type curve for 
tOy is also shown for reference purposes. The match point for 
ho = 1 and tOy = I is indicated in the figure (hi - h = 0.09 ft 
and t/r2 = 6 X 10-3 min/ft2). This same match point was 
found for all the piezometers and observation wells analyzed 
by Moench et al. (1995). See Table 3 for values of the 
parameters obtained. It is clear from inspection of Figure 3a 
that the late-time match between measured and theoretical 
drawdown is reasonably good blit the measure.d drawdown 
at early and intermediate time is signiflcantly underesti­
mated. It was reasoned by Moench et al. (1995) that these 

. observations could be partially explained by the mechanism 
of delayed drainage discussed by Nwankwor et al. (1992). 

_"-"-..J a. 

Piezometer Data Curve 

FSOS·032 0 

FS04·032 o 
o 00 : m.p. F383.032 o 

/'Theis for tOy 

y = 10 

~. m.p. 
o : 

.... Theis for to 
.... y 

t/r2 (min/ft 2) 

Fig. 3. Composite plot of drawdown at the Cape Cod site and 
comparison with type curves for the indicated piezometers 
located near the water table: (a) assuming instantaneous drain­
age (y = 00), (b) assuming noninstantaneous drainage (y = 10). 
The indicated match point (m.p.) is for tOy = 1 and ho = 1. 
[KdKr = 0.5; a::::: 10-3

], 
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Table 3. Summary of the Hydraulic Parameters Evaluated 

Name of T b 
the site (m2/s) (m) Kz/Kr 

Borden 8.0 X 10-4 6.7 0.3 
Cape Cod 5.9 X 10-2 48.8 0.5 

Figure 3b shows that the match at early and inter­
mediate time can be improved by use of the solution pro­
posed in this paper: Holding Kz/ Kr(and hence the values of 
f3) equal to 0.50, the value obtained by Mo.ench et al. (1995), 
the improved match was obtained by varying 'Y and compar­
ing the resulting type curves with the, drawdown data until a 
"bestn match was obtained by visual inspection with the 
result that 'Y = 10. The ratio Kz/ Kr was held constant in 
order not to change the fit to the drawdown in the piezome­
ters located at depth and to the late-time drawdown in 
piezometers located near the water table. 

Borden. At the Borden site, the water table at the time 
of the test was located at a depth of about 2.3 m below land 
surface and the initial saturated thickness was 6.7 m. The 
pumping well screen occupied the lower 60 percent of the 
aquifer (I D = 1.0, dD = 0.4) and was pumped atthe constant 
rate of 1.0 liter/s for 64 hours. The drawdown measured in 
two of the (0.35 m long) observation piezometers, PI and 
WS2, each located at a radial distance 'of 5 m from the 
pumped well and at depths of 5.0 m and 0.3 m, respectively, 
is used in this analysis. Figure 4 is a composite plot of the 
measured drawdown with two sets of type curves superim­
posed; One set includes the two type curves obtained by 
Moench (1994) using the Neuman model ('Y = 00), and the 
other set includes the modified type curves obtained by 
varying 'Y to improve the fit to the early and intermediate 
time dniwdown data. The Theis curve for tDy is shown for 
reference purposes. The match point for hD = 1 and tOy = 1 
(hi - h = 0.1 m and t/r2= 5.0 min/m2) and value of the ratio 
Kz/ Kr are chosen to coincide with the match point obtained 
by Moench (1994) and, as with the analysis of the Cape Cod 
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Fig. 4. Composite plot of draw down at the Borden site for one 
deep piezometer (PI, where Zo= 0.25) and one water~table 
piezometer (WS2, where zo,:': 0.95) compared with type cUrveS 
aSsuming instantaneous drainage (y == ~), and, i1onfusta~~, 
taneous drainage (y = 3). The indicated match point (m.p.) is for 
tOy = I arid ho = 1. [KdKr = 03; P = 0.168; a = 1.S X 10-2

]. 
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Kz Kr 0'1 

(m/s) (m/s) Sy (hr-I) 

3.6 X 10-5 1.2 X 10-4 0.24 0.24 
6.0 X 10-4 1.2 X 10-3 

• 0.23 1.96 

site data, is based on a visual fit of the Neuman (1974) type 
curves to nearly all of the available data. The best visual 
match of the drawdown in these two piezometers appears to 
occur with 'Y = 3. The ratio Kz/ Kr was held equal to 0.3, the 
value obtained by Moench et al. (1995), in order not to alter 
the aquifer parameters obtained previously. 

AlthclUgh the theoretical response for piezometer WS2 
using 'Y = 3 is a significant improvement over the theoretical 
response for 'Y = 00, the theoretical response does not com­
pare nearly as well as the responses shown in Figure 3b for 
the piezometers located near the water table at the Cape Cod 
site. This observation suggests that the drainage process is 
less well-represented by a single-parameter exponential rela­
tion in the relatively low hydraulic conductivity material at 
the Borden site than in the higher hydraulic conductivity 
material at the Cape Cod site. 

The hydraulic properties obtained for these two aquifer 
tests by Moench (1994) and the empirical constant ai, 

obtained in this paper are summarized in Table 3. The order 
of magnitude difference in relaxation time (1/ a 1) for the 
two tests is consistent with the order of magnitude difference 
in vertical hydraulic conductivity. 

With the aid of laboratory column experiments to 
obtain drainage-versus-time relations, similar, to those of 
Vachaud (1968), performed on representative'samples of 
aquifer material taken from near the water tabl,e, it may be 
po~ible to make an estimate of the empirical constant a 1 by 
fitting, however crudely, a single-parameter exponential 
relation to the discharge data Such an independent estimate 
of a 1 might be used to remove some of the uncertainty in the 
evaluation of hydraulic parameters by type-curve analysis, 
particularly if deep-seated piezometers are una~able and ' 
one must rely solely on drawdown measured iIi water-table 
piezometers. 

Summary and Conclusion 
,- Boulton's cOllvoiution integral is used as a free-surface 

condition iri the three-dimensional, axisymmetric boundary­
value problem for flow to a parti311y penetratil1g well in a 
water-table aciu'ife~. This is done liiorder to"approXimately' 
represent the gradual'releaSe ofwaterfromth~"zone, (l~ove 
the\~~t~';'t~ble: A 'Lapl~ce t~arnt~rm' solution to the modi­
fied boundary-value problein is obtained and it dimension­
less fittiIig parameter,:.y, is introduced. This i:;arameter can 
be evaluated in 'addition to the parameters ge,n~rauy obtained 
by the method of type-curve analysis. The proposed solu-, 
ti~~ allows foi'~ bettet ~atch of theoretical ~esponse and ' -, " 
measured drll~doWICit reduce~ to Neu:man-'ssoluii~ii 'as ' 
t~e '~icreases (;r~ih~'ra:te of rel~ase 'of ~atei(~coiiifol1~d " '; 
bY'~lr from th6;'ione.' a:bo~e"th~:'~iiterja~l~: iric_~e~~s~ . ";: 
Although'the drrun'ageproCess ~no.f well-represented b)' an ,_ . 
, ,:, .,"," . ' " •. ,," ""':':;';;~~:s\~,~~);,,:~;~#';~j~3,'::";~,)':,[~r~~!?; 

" 
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.. ~xp'~~e~tial deb~~' i~ '~i~e, the' ti~;;of Bo'ult~ri ,~" 66n~~tof , 
delayed yield in the analytical treatment of flo'wto a well in a 
water-table aquifer is 'an improvement over the aSsumption 
of instan'tine'oils drainage. Ii is recommended that pumpiIig 
tests conducted in water-table aquifers be earned out using 
piezometers located at variOlis depths arid distanCes' from 
the pumped well. If the aquifer is homogeneous, it shouid be 
possible to use water-table piezometerS as well as deep­
seated piezometers and obtain ,il corisistent set of aquifer 
parameters. 

Notation 
a 1 empirical constant, T-1

; 

b initial saturated thickness of aquifer, L; 

d verticaI distance from initial water table to top of 
pumped well screen, L; 

h hydraulic he~, L; 

hi initial hydraulic head, L; 

Kz hydraulic conductivity in the vertical direction, LT-\ 

Kr hydraulic conductivity in the horizontal direction, 
Lr\ • 
vertical distance from initial water table to bottom of 
pumped-well screen, L; 

Q pumping rate, L3T; 

q rate of drainage per u~t area, Lrl; 
r radial distance from axis of pumping well, L; 

S storativity; 

Sy specific yield; 

T transmissivity, L2T-1
; 

time since start of pumping, T; and 

z vertical distance above bottom of aquifer, L. 
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Specific Yield as Determined by 
Type-Curve Analysis of Aquifer-Test Data 

by Allen F. Moench
a 

Abstract 
Type-curve analysis of water-table aquifer pumping-test data has often resulted in values of specific yield that are 

unrealistically low when compared with values obtained by volume-balance calculations. It has been suggested that such 
values are the result of inadequate representation of drainage processes in the unsaturated zone. The commonly used 
analytical solution developed by Neuman for a homogeneous, water-table aquifer assumes that the drainage of pores in the 
zone above the water table due to lowering ofthewater table occurs instantaneously. Published pumping-test data from three 
relatively homogeneous, unconsolidated, granular aquifers with significantly different hydraulic conductivities are used to 
show that type-curve analysis based on the Neuman model will result in estimates of specific yield that agree with 
volume-balance calculations, provided that established procedures are followed. These in volve the use of composite plots of 
drawdown observed at more than one location and inclusion of effects of partial penetration. Noninstantaneous drainage of 
pores in the unsaturated zone accounts' for the finding that both type-curve analysis and volume-balance calculations yield 
values of specific yield that are slightly less than those obtained from laboratory column-drainage experiments. It may also 
account for a slight underestimation of vertical hydraulic conductivity as obtained by type-curve analysis. 

Introduction 
Lohman et al. (1972) define specific yield as the ratio of 

the volume of water that a saturated rock or soil will release 
by gravity drainage to the volume of rock or soil. Specific' 
yield as determined in laboratory column drainage experi­
ments is the difference between the residual volumetric 
water content (or the volume of water retained by surface­
tension and adsorptive forces) and the saturated volumetric 
water content (or effective porosity). In the field setting, 
specific yield is usually defined as the volume of water 
released from a unit area of a water-table aquifer due to a 
unit decline in the elevation of the water table (see Freeze 
and Cherry, 1979). In either case the definition implies that 
the drainage, or emptying of the pores, is complete. Prill et 
al. (1965) show that the drainage process may be a slow one, 
even for materials as coarse as sands. Field methods involv­
ing pumping tests for the determination of specific yield 
include: (a) the lowering of the water table by pumping a 
measured quantity of water and then determining the 
volume of sediments drained (Wenzel, 1936), and (b) analy­
sis of time-drawdown data (Theis, 1935). (The former 
involves extensive instrumentation of the field site and 
tedious computations. The latter can be accomplished easily 
and inexpensively using data that are needed, in any case, 
for evaluation of other hydraulic parameters.) In either 
laboratory or field experiments, measured values of specific 
yield, even for relatively permeable soils, are 110t usually 
definitive as they depend on many factors such as the physi-
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cal characteristics of the soil, the duration of the drainage 
process, the temperature, and the chemical composition of 
the water (see, for example, lohnson, 1967, and references 
therein). Bear (1972) provides additional information on the 
concept of specific yield and discusses its dependency on 
time and depth to the water table. 

The preferred method of many hydrogeologists for 
estimating aquifer parameters is by analysis of pumping 
tests wherein type curves, derived from an assumed govern­
ing differential~quation and set of boundary conditions, are 
used to analyze time-drawdown measurements of hydraulic 
head in observation piezometers. The use of dimensionless 
curve-matching procedures for unconfined aquifers was 
suggested in the work of Boulton (1963), Dagan (1967), and 
Neuman (1975). Estimates of specific yield determined in 
this manner, even under conditions that appear to meet the 
requirements of the model assumptions (see Moench, 1993, 
for a convenient list of the assumptions), are sometimes 
reported to be unrealistically low (from less than I percent to 
lO percent for unconsolidated, granular aquifers) as com­
pared with water-balance calculations from field data or 
controlled laboratory experiments conducted on samples of 
aquifer m~terial. It would be unfortunate if the low values of 
specific yield were due to faulty assumptions in the mathe­
matical model because analysis by the use of type curves is a 
convenient and inexpensive way to evaluate not only specific 
yield but al~o the other pertinent hydraulic parameters at the 
same time. As \,Vith the analysis of any pumping-test data, 
the accuracy of the results depends upon the validity of the 
asumptions invoked in the model and the relative impor­
tance of extraneous effects in the field data. 

Reasons for the low calculated values of specific yield 
have been the subject of debate in the literature over the 
years, and most recently by Nwankwor et al. (1984), 
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Neuman (1987), Nwankwor et a!. (1992), and Akindunni 
and Gillham (1992) in their interpretation of field experi­
ments conducted and described by Nwankwor (1985). The 
experiments involved pumping tests in a relatively low­
permeability, glacial outwash aquifer near Borden, Ontario. 
In an effort to understand the drawdown behavior of the 
unconfined sand aquifer, the zone below the water table was 
instrumented with piezometers at various elevations and 
distances from the pumping well, and the zone above the 
water table was instrumented with tensiometers. The paper 
by Nwankwor et al. (1984) focused on analysis of drawdbwn 
In the zone below the water table due to a 65-hour pumping 
test (pumping test # I) and the paper by Nwankwor et al. 
(1992) focused on analysis of flow processes in the region 
near the water table due to a 24-hour pumping test (pump­
ing test #2). 

To facilitate the derivation of analytical solutions for 
flow to a well in a water-table aquifer Neuman (1972, 1974) 
assumed, contrary to experimental evidence, that drainage 
from the zone above the water table occurs instantaneously 
in response to a decline in the elevation of the water table. In 
support of this assumption Neuman (1979, 1987) cites the 
numerical and analytical work of Kroszynski and Dagan 
(1975) who demonstrate that flow in the unsaturated zone 
does not have a major effect upon drawdown in, the satu­
rated zone. It was found that the influence of the unsatu­
rated zone was significant only in observation piezometers 
near the water table and close to the pumped well. The 
experimental work of Nwankwor (1985) clearly demon­
strates that the release of water from the unsaturated zone in 
response to a decline in the elevation of the water table does 
not occur instantaneously. The question remains, however, 
to what degree flow processes in the unsaturated zone influ­
ence drawdown at and below the water table and what effect 
they have upon evaluation of parameters by type-curve 
analysis. Nwankwor et al. (1992) suggest that the low values 
reported for specific yield obtained by type~urve analysis 
using either the Boulton (1963) or Neuman (1972) models 
are a result of inadequate representation of the drainage 
process above the water table. 

It is the purpose of this paper to show that realistic 
estimates of specific yield are obtained when the Neuman 
(1972, 1974) model is used correctly and to investigate the 
degree to which estimates of parameters depart from their, 
"true" values when time-dependent flow processes in the 
unsaturated zone influence the drawdown in the saturated 
zone. To accomplish this end, using guidelines described in 
the literature, analyses are performed on published 
pumping-test data from three granular, water-table aquifers 
with significantly different hydraulic conductivities. 

Method of Analysis 
Procedures for conducting pumping tests in water­

table aquifers and guidelines for analysis of pumping tests 
can be found in much of the ground-water literature [see. for 
example, books by Kruseman and de Ridder (1990). 
Driscoll (1986), Dawson and Istok (1991), and Walton 
(1970, 1987), and papers by Hantush (1964), Weeks (1977). 
van der Kamp (1985), Prickett (1965) and Neuman (1975)]. 
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Type curves as used in this paper and conventionally by 
hydrogeologists for pumping-test analysis are double­
logarithmic plots of the dimensionless theoretical response 
in an aquifer due to a well discharging at a constant rate. In 
spite 9f the numerous guidelines available in the literature, 
the precautions and recommendations provided are often 
not heeded. For example, analysis is often carried out by 

I 

disregarding effects of partial penetration. This might be 
due to the re'ady availability of "universal" type curves such 
as those published by Boulton (1963) or Neuman (1975), 
which are suitable only for fully penetrating pumped and 
observation wells. Obviously, inappropriate use of such type 
curves can lead to erroneous evaluation of aquifer 
parameters. 

Another important recommendation, often disregarded, 
is that the data from twO or more observation wells be put on 
composite (t/r') plots for analysis by type curves (see Weeks, 
1977; Stallman, 1971; or van der Kamp, 1985). This proce­
dure is important for proper interpret~ltion of the response 
of the aquifer as a whole and in obtaining better "average" 
aquifer properties. It can and will be demonstrated, in fact, 
that one can be seriously misled by attempting to analyze 
data from a single point of observation. Also, with more 
than one point of observation it makes no sense to analyze 
the data from individual observation points separately 
because the analytical theory upon which the type curves are 
based assumes that the aquifer is homogeneous. Assuming 
that the observation piezometers are properly constructed, 
small local variations in hydraulic cond uctivity are averaged 
out by the subjective involvement of the hydrogeologist 
performing a type-curve analysis with composite plots. In 
addition, a composite plot will alert the hydrogeologist to 
possible aquifer heterogeneity or to piezometers that are not 
in direct hydraulic connection with the aquifer. Involvement 
of the hydrogeologst's expertise in the analysis of pumping­
test data argues against the increasingly popular practice of 
using automatic computer routines to "fit" theoretical 
curves to measured drawdown (see. for example, Sridharan 
et aI., 1985). 

In this paper the analytical solution for flow to a par­
tially penetrating well in a water-table aquifer developed by 
Neuman (1974) is used. Type curves are generated using the 
computer code developed by Moench (1993). Within the 
framework imposed by the model assumptions, type-curve 
analysis allows for eval uation of five hydraulic properties of 
water-table aquifers: namely, transmissivity, storativity, ver­
tical and horizontal hydraulic conductivity, and specific 
yield. Although the theory accounts for aquifer storativity, it 
is best not to attempt an evaluation of this parameter for 
water-table aquifers because the necessary, very early time 
measurements are subject to large error. This is partly 
because, in order to detect early time drawdown, piezome­
ters must be located near the pumped well where the 
response may be dominated by effects of well-bore storage. 
Narasimhan and Zhu (1993) have demonstrated that well­
bore-storage in the pumped well can mask the theoretical 
response (due to a line sink) that should occur as a result of 
aquifer compressibility in water-table aquifer pumping tests. 
The unreasonably large values of storativity, often cited in 
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Fig. 1. Schematic diagram of partially penetrating wells in a 
homogeneous. anisotropic, water-table aquifer. 

the literature (see. for example, Nwankwor et aI., 1992, p. 
698), may be a consequence of this interference and may 
~ave little to do with water or matrix compressibility (or 
effects of vertical flow as- influenced by the unsaturated 
zone) taking place in the aquifer. In this paper, other than to 
fit early time data to Neuman's type curves for comparison 
with published results, no attempt is made to evaluate stora­
tivity. It is probable that the theory developed by Dagan 
(1967), which neglects aquifer compressibility, could just as 
well have been used to achieve the purpose of this paper. 

Figure I is a diagrammatic cross section through a part 
of an idealized water-table aquifer with a partially penetrat­
ing pumped well, an observation well, and an observation 
piezometer. An observation piezometer is ideally designed 
to measure pressure or hydraulic head at a point. In practice, 
a ·piezometer screen must have a length greater than zero 
over which it is appropriate to average effects of small local 
variations in aquifer hydraulic conductivity. In this paper 
the screens of the observation piezometers are all less than I 
m in length whereas the observation wells have screens 
greater than I m in length. It is worth noting that the use of 
long-screened observation wells is ill-advised in testing 
water-table aquifers, particularly near the pumped well and 
if the screen extends to the water table, because, as shown by 
Rushton and Howard (1982), drawdown in long-screened 
wells may not be a linear average of the vertical distribution 
of hydraulic head. T,he figure illustrates the symbols used to 
denote the location of well screens, the location of observa­
tion points, and the anisotropic character of hydraulic con­
ductivity. Also shown is the location of the origin of the 
horizontal and vertical coordinates. The parameters shown 
in Figure 1 are defined in the Notation and can be normal­
ized with respect to aq uifer thickness in accordance with the 
definitions of Neuman (1974). The normalized parameters 
are listed in Table 1 along with the definitions of dimension­
less time, to and tOy, and drawdown, ho. Also listed in Table 
1 are the definitions of f3 and a. 

S.iint Pardon de Conques, Gironde, France 
Relevant information about this aquifer test is provided 

by Neuman (1975). Unfortunately, the test conditions do 
not appear to have been ideal as the aquifer is somewhat 
heterogeneous. Also, -certain information concerning the 
observation wells was not reported. Nevertheless, the test 
appears to have satisfied Neuman's needs, which were to 
demonstrate application of his model (Neuman, 1972) to 
evaluating water-table aquifer parameters. According to 
Neuman (1975) the bottom of the aquifer is located 13.75 m 
below land surface and the water table was initially at a 
depth of 5.51 m. The pumped well is perforated in the depth 
interval 7.00-13.75 m; hence tD = 1.0 and do = 0.18. The 
pumping rate averaged 14.7 lis for 48 hours. Drawdown 
was monitored in observation wells located at distances of 
10 and 30 m from the pumped well. Neuman assumed that 
effects of partial penetration of the pumped well could be 
neglected. Lacking detailed information, he also assumed 
that the observation wells fully penetrated the saturated 
thickness of the aquifer. Neuman (1975) analyzed the draw­
down data for each observation well independently and 
obtained for the observation well at r = 10 m a transmissiv­
ity of 70 m"/hr, a ratio of KzI Kr of 0.0068, and a specific 
yield of 0.039. For the observation well at r = 30 m Neuman 
obtained a transmissivity of 70 m"1 hr, a ratio of Kzl Kr of 
0.014, and a specific yield of 0.067. . 

The aquifer test at Saint Pardon de Conques is used in 
this paper as an illustrative example to show that separate 
analyses of drawdown measured in individual wells can 
yield results that are inconsistent with an analysis that con­
siders all available observation-well data simultaneously. 
Figure 2a shows a composite plot of the drawdown data for 
the two observation wells with type curves, similar to those 
used by Neuman (1975, Figure 7), superimposed. Because of 
effects of partial penetration the type curves are not identical 
to those of Neuman, who assumed full penetration. The 
match points are positioned in such a way that they corre­
spond with the values chosen by Neuman. Also, the same 
values of f3 and a are used as were used by Neuman in his 
calculations. The degree to which the type curve for the 
observation well at r = 10 m departs from the early and 
intermediate time data in Figure 2a is a measure of the 
influence of partial penetration. The influence of partial 
penetration at r = 30 m is imperceptible in this test. 

As discussed in the previous section, the point of using 
a composite plot is to obtain a single or "global" match point 

Table 1. Dimensionless Expressions 

to Tt/r2 S 
tOy Tt/r2 Sy 
ho 4rrT(hi - h)/qo 
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Fig. 2. Composite plot of drawdown at Saint Pardon de Conques and comparison with type curves: a) consider~d independently of one 
another using the values of f3 obtained by Neuman; b) using average values of the parameters obtained by Neuman; c) showing an 
improved match with the late time. data but with Kd Kr = 0.01; and d) showing an improved overall match with Kzf Kr = 0.02. [The 
positions of the match points are indicated by +.] 

for all the available drawdown data. Figure 2b shows the 
position of the type curves if one uses the average of the 
hydraulic parameters obtained by Neuman for the individ­
ual observation wells. From Neuman (1975) the average 
values for T, Kz/Kr and Sy are found to be respectively, 70 
m2jhr, 0.01, and 0.053. The position of the match point 
where hD = I and tD = I thus becomes hi - h = 0.06 m and 
t/r2 = 2.7 s/m2. The value of a (3.7 X 10-2) used to generate 
both type curves in this instance is the same as that obtained 
by Neuman for the observation well located at r = 10 m. 
Although the match to the early and intermediate time data 
in Figure 2b is not bad, the match to the late time data is 
poor. It is the late time data that is most important in 
obtaining accurate estimates of transmissivity and specific 
yield. 

Figure 2c shows that an improved match with the late 
time data can be obtained by shifting the position of the type 
curves and match point. The only difference between the 
type curves in Figures 2b and 2c is that a smaller value of a 

(I X 10-2
) is used in Figure 2c. This was done to increase the 

separation between the early and late time portions of the 
type curves so that the early time data for the observation 
well at r = 10 m would not cross over the type curve. With 
the improved match at late time, however, it is clear that the 
drawdown\at intermediate time is overpredicted. 

Figure 2d shows that the discrepancy in the match at 
intermediate time is corrected by increasing the ratio Kd Kr. 
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The vertical separation in drawdown between the two wells 
in the "intermediate" time zone on the composite plot is 
diagnostic of the ratio Kd Kr and trial-and-error variation of 
Kd Kr quickly narrows the range of possible values. The 
position of the match point remains unchanged from what it 
is in Figure 2c. The selected match point for hD = I and tDy = 
I is hi - h = 0.085 m and tl r2 = 14.0 sjm2

• (Theis curves for 
tD and tDy are shown on Figure 2d for reference purposes.) 
From the known pumping rate and the position of the 
match point, the transmissivity is computed to be 50 m2jhr, 
and the specific yield is 0.19. The ratio Kd Kr is 0.02. 

The results of this analysis do not agree v,lth those of 
Neuman (1975). The estimated specific yield is now consis­
tent with values obtained for water-table aquifers by water­
balance methods in spite of the nonideal aquifer material. 
The-aquifer transmissivity is less by about 30 percent than 
the values obtained by Neuman. the small value of the ratio 
Kd Kr obtained by both analyses may be a reflection of the 
stratified nature of the aquifer. Neuman (1975) mentions the 
presence of a clayey matrix at shallow depths and gravel in 
the deeper part of the aquifer. [Neuman corroborated his 
estimate of transmissivity and specific yield by using the 
semilogarithmic method. Inspection of the semilogarithmic 
plots of the drawdown versus time data (Neuman, 1975, 
Figure 8) will reveal to the reader that the slope of the 
parallel straight lines fit by Neuman to the late time data can 
easily be increased by an amount (30 to 40 percent) sufficient 
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"Xl corroborate the results of the analysis in this paper. 
~uman also used recovery data from the pumped well and 
~ observation well at r = 10 m to support his estimate of 
~smissivity. Unfortunately the recovery data were 
:-!\..'Qrded for less than 6.5 hours, which is insufficiently long 
~~ ubtain an accurate estimate of transmissivity fo~ the 48 h 
~ If recovery data are to be used to estimate aquifer 
;ttrameters, they should be recorded for at least as long as 
~ pumping test itself, and preferably ·longer.] 

:tarden, Ontario, Canada 
The specifics of this aquifer test, referred to in this 

;<1per as Borden site pumping test #1, are described by 
:\wankwor et al. (1984) and Nwankwor (1985). The test was 

_ ~nducted in an aquifer that conforms reasonably well to 
:ire physical requirements of Neuman's (1974) analytical 
:nodel. The aquifer is composed of well-sorted, medium­
p:ained sand of glaciofluvial origin and appears to be rela­
:i.vely homogeneous with respect to hydraulic conductivity. 
The aquifer material is not ideal, however, as it contains fine 
sand at the top and medium sand at depth. It is underlain by 
~ thick deposit of clayey silt. The water table at the time the 
:"::5t was carried out was about 2.3 m below land surface and 
:he initial satl,lrated thickness was 6.7 m. The pumping-well 
5l.--reen occupied the lower 60 percent of the aquifer (lD = 1.0, 
dD = 0.4). The observation piezometers were 0.35 m in 
kngth and occupied the positions indicated in Table 2~ 
~wankwor (1985) published drawdown data for four pi­
ezometers located near the bottom of the aquifer (ZD = 0.25), 
three piezometers near the middle (ZD = 0.5), and numerous 
piezometers just below the water table (ZD = 0.95), only four 
of which, distributed along the same azimuth as the deep 
piezometers, are listed in Table 2. Because the preCise loca-

'. tions are not available. in the published material, I estimated 
the positions of the piezometers from the published figures 
and from material in the texts of the relevant papers. These 
estimates are sufficiently accurate for the purposes for this 
paper. The pumped well discharged at the constant rate of 

. l.0 lis for 64 hours. 

Table 2. Positions of the Piezometers for the Borden Site 

Piezometer No. 

. Bottom: 
PI 
P3 
P5 
P7\ 

Water table: 
··WS2& WD2 

- WS4 
: .. ·i;.·.WS5 

WS8': 

r(m) 

5 
15 
30 
45· 

7 
15 
30 

5 
15 
20 

'.'45 . 

Deptha(m) 

5.0 
5.0 
5.0 
5.0 

3.3 
3.3 
3.3 

0.3 
0.3 

.. : 0.3 . 
. ... 0.3 

r2/b2 
Zo 

0.56 0.25 
5.0 0.25 

20. 0.25 
45 .. 0.25 

I.l 0.5 
5.0 0.5 

20. 0.5 

0.56 0.95 
5.0 0.95 

.. 8.9 0.95 
.. 45. 0.95 

~pprc)Xllmale depth below the initial water table to the top of the 
. ",', 

a 

c 

• 

P1 

P3 

P5 

P7 

• 
D 

o 

Piezometer Data Curve 

P4 

P6 

WS2 

WS4 

WS5 

WS8 

t/r2 (min/m2) 

• 
o ------

Match point 

Data Curve 

• 
D 

... 
o 

Fig. 3. Composite plot of drawdown at Borden site and compari­
son with type curves: a) for the deep piezometers (zo = 0.25);. 
b) for the mid-depth piezometers (zo = 0.5), and c) for the 
water-table piezometers (zo = 0.95). ..: "'.'_ '. 

Composite plots of the drawdown data; with type 
curves superimposed, are shown in Figures 3a, 3b, and 3c 
for the bottom, middle, and water-table piezometers, 
respectively. Also shown on each figure, for reference pur­
poses, are the Theis curve for tOy and, for Figures 3a and 3b, 
the Theis curve for tD: An approximate fit to the early time 
data was' obtamedwith' ci'= 1.5 >C 10-2 .. As' dlstussedelse­
where in this paper it is doubtful that the, value of this 
parameter. is mearurigful.: Although the drawdowri: data 
exl\ibit considerable scatter, it is possible to obtain a reason­
ably good match to nearly all the data using a single (or 
"global") match point (hi - h = 0.1 m and tf r2 = 5.0 
minfm2

) for hD =: 1 and tOy.~ L The type curves shown in 
Figure 3 were obtained by trial and error by~fyhtg the ratio 

. Kd Kr until the resuhing theoretical responses compared 
'reasonably well with all th~ interriledia:te~ai1.d· late: time . 

• i 
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, drawdowri~data. The'~atch w'~ made by\~isuaJ i~pect'i~~. I 
, found thafthe"best":civ~rall match for the bottom"and 
I "., ". '. " ' 

middle pieiometers gave a value of about 0.3 for Kd Kr• . 

Using the drawdo~~' d'iitii fr6m.-ihe·pie~ometers located 
near the w'ater't'able (Figure 3c) and :wb'~kingwith type 
curves for piezometers WS2,"WS4::WS5,~and WS8, no 
amou~t of ~ariation in K~I Kr led to significant improvement 
in the match shown. The greatest discrepancy occurs in the 
intermediate time range for' the water-table piezometers 
closest to the pumped well. Thus, taken' alone, the water­
table piezometers do not yield data that are diagnostic of 
Kd Kr by the Neuman model; and it is possible, as suggested 
byN wankworet al .. ·(l992),' that the noninstantaneous 
release of water from the unsaturated zone at least partially 
accounts for the large drawdown at ~termediate time in 
these piezometers. It was pointed out that fine sand exists 
near the top of the aquifer and medium sand exists at depth. 
The existence of relatively fine-grained material in the zone 
above the water table might further enhance the tendency 
for water t'o be held up in the unsaturated zone. 

Aquifer parameters are computed in the ususal manner 
from the position of the match point. The transmissivity is 
calculated to be 8 X 10-4 m2/s, and the specific yield is 0.24. 
Because only a single match point is used, the resulting 
parameters represent an average for nearly the entire data 
set. I omitted piezometer P2, located at a distanqe of 7 m 
from the pumped well, from the analysis because the draw~ 
down at all times, and especially at early and intermediate 
time~ is considerably less than .expected for consistency with 
the other piezometers. This suggests'that the piezometer 
may not be in good hydraulic connection with the aquifer. 
(Apparently the anomalous behavior of P2 is the reason the 
data were not analyzed by Nwankwor et aI., 1984.) 

The results presented here are at variance with the 
type-curve analyses ofNwankworet al. (1984) who used the 
Neuman method on drawdown measured in piezometers P3 
and P4 and reported estimates of transmissivity of about 1.4 
X 10-3 m2/s and estimates of specific yield of 0.05 and 0.07. 
Their analysis of drawdown measured in piezometer PI 
resulted in a transmissivity of 4 X 10-4 m2/s and specific yield 
of 1.30, which the authors point out is unrealistic. My results 
show that, by considering all relevant drawdown data, phys­
ically meaningful values of the hydraulic properties of the 
aquifer can be obtained by type-curve analysis. The value of 
specific yield (0.25) is consistent with values obtained over a 
long period of time by water-balance calculations on the 
cone of depression (Nwankwor et aI., 1984, Table I). The 
estimated value of horizontal hydraulic conductivity is iden­
tical to a mean value obtained by permeameter tests con­
ducted on cores taken from one to three meters below the 
water table at a distance of 150 m east of the pumping-test 
well (Nwankwor, 1985, pp. 48-49). The estimated value of 
vertical hydraulic conductivity obtained in this paper is less 
by a factor of two than that obtained by Nwankwor (1985) 
using the permeameter data and based on a formula (har­
monic mean) derived for a layered formation wherein each 
layer is considered to be homogeneous and isotropic with 
known thickness and hydraulic conductivity (see Freeze and 
Cherry, 1979, pp. 32-34). Thus, even for an aquifer with a 
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'relatively low overall hydraulic ~onductivity like 'ih~: ",' " ,,', 
. aquifer, ii .appears~hat !he~n:Sa,tui~t~~:i.~Pe. ~~.{i~p~f.a6'<, 

fringe d'?,.I?-0~ a~versely influence t~e,ey.<l:I':Ia!,ion (>f.:a.guife~ .' 
parameters by the Neuman model wheri"'clrawdown data' 
from th~ lo~er~rea~hes'ot the aquife'r ar<us·ed. ," ........ . 

Cape COd, Massachusetts, USA 
This pumping test was conducted in a IUghly perme­

ab!e, sand and gravel, glacial outwash deposit situated near 
the Otis Air Base, Falmouth, Massachusetts (referred t6 in ,.,' 
this paper as the Cape Cod site). Details of this test, con- . 
ducted in August 1990, and an analysis of thedrawdown " 
data are given by Moench et aI. (l9?3). The' 16 ~servation ' ' 
piezometers used in the analysis were distributed both 
radially (over distances of 19.5 to 226 feet from the pumped 
well) and vertically (from 2.0 to 108 feet below the initial 
water table) around a partially penetrating pumping well. At 
the time of the test the water table was located about 20 feet 
below land surface. The initial saturated thickness was esti- ' 
mated to be 160 feet. The latter was based on regional . 
geologic studies, lithologic investigations, and the analysis 
of the pumping test itself. The pumped well was screened 
from 13. I to 60 feet below the water table (to = 0.375, do = 
0.082). The well was pumped at a constant rate of 320 gpm 
(gallons per minute) for 72 hours. 

Figure 4 shows a logarithmic plot of drawdown, hand­
measured with a steel tape, in five of the piezometers moni~ 
tored during the test and located closest to the pumped well. 
The vertical position of the piezometers and their radial 
distances are indicated in Table 3. Observation well F505-
059 has a screen that is 9 feet in length, and the piezometers 
have screens that are 2 feet in length. With regard to their 
areal distribution, the F505 piezometers and the observation 
well are east, the F504 piezometer is north, and the F383 
piezometer is southeast of the pumped well. Because of the 
proximity of the piezometers and observation well to the 
pumped well, the drawdown is strongly influenced by effects 
of vertically convergent flow due to the partial penetration 
of the pumped well. 

Figure 5 shows composite plots of the drawdown data 
with Neuman (1974) type curves superimposed, A Theis 
type curve for toy is also shown for reference purposes. The 
type-curve match shown in Figure 5 was 0 btained in the 
manner described for the other tests with the result that 
Kd Kr = 0.5. The match point for ho = I and tOy = I is 

Table 3. Positions of the Piezometers and 
Observation Well for the Cape Cod Site 

Piezometer 
number rift) Depth"(ft) r2/b2 

lD2 

F383-129 96.7 107,9 0,36 
F504-080 53.1 57.5 0.11 
F505-032 23.9 10.7 0.022 
F505-059b 19.5 30.6 0.015 0.75 0.81 
F505-080 21.6 58.4 0.018 

lD 

0.32 
0.63 
0.93 

0,63 

• Approximate depth below the initial water table to the top of the 
bscreen. 
Observation well. 
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Fig. 4. Drawdown at the Cape Cod site for the indicated 
piezometers and observation well (FSOS-OS9). 

indicated in the figure (hi - h = 0.09 ft and t/r2 = 6 X 10-3 

min/ft\ This same global match point was found for the 
response to all the piezometers analyzed by Moench et al. 
(1993). Calculations reveal that the transmissivity is 38 
ft2/min, and the specific yield is 0.23. 

With the exception of early and· intermediate time 
drawdown data measured in piezometers located near the 
water table, there exists a remarkable agreement between 
theoretical and measured drawdown in Figure 5 and in the 
additional type-curve matches presented by Moench et al. 
(1993). The agreement suggests not only that the aquifer is 
homogeneous to flow at the scale of the test but also that 
Neuman's theory describes three-dimensional, axisymmet­
ric flow in homogeneous, water-table aquifers very well. In 
addition, the estimated specific yield is consistent with pub­
lished data for clean, well-graded sands (Johnson, 1967). 
The estimated horizontal hydraulic conductivity is about 
the same as the geometric mean of values reported by Hess et 
al. (1992). These values were obtained by use of a well-bore 
flowmeter in 16 wells located in the same area as the pump­
ing test. The estimated vertical hydraulic conductivity is 
about one-half of the value, based on statistical methods, 
reported by Hess et al. (1992). 

Drawdown at early and intermediate time in piezome­
ter F505-032 located near the water table (see Figure 5) is 
gre"terthan predicted by Neuman's model. The same can be 
said for the remaining water-table piezometers at the Cape 
Cod site (see Moench et aL; 1993; Figu~es 3-4) a~d mea­
surements are not particuiarly diagnostic of the ratio Kd Kr . 

As with the water-tablepiezometers at the Borden site, it is 
possible that these observations can. be partially explained· 

.c 
I 

.c 

F504·080 

F383·129 

Data Curve . ---
0-···-

.t.--

o ------

Fig. S. Composite plot of draw down at Cape Cod site and 
comparison with type curves for the indicated piezometers and 
observation well (FSOS-OS9). . 

by the mechanism of delayed drainage discussed by 
Nwankwor et al. (1992). 

Values of the aquifer parameters obtained in this paper 
are summarized in Table 4 in consistent metric units for 
comparison purposes. 

Effects of the Unsaturated Zone 
Altliough the value of specific yield obtained by 

Neuman (1974) type-curve analysis of the Borden-site data 
agrees with the values 0 btained from long tim,e-base, water­
balance calculations, it is still less than the value obtained 
from it laboratory column-drainage experiment conducted 
on a sample of aquifer material taken from within the 
drawdown-cone area or from water-content profiles obtained 
in the field (Nwankworet aI., 1992, Figure 7). Siritilarvalm!s 
of specific yie'd were obtained for the two other sites consid­
ered in this paper. Unfortunately, no measurements of the 
soil-moisture profile before or during the pumping test are 
available for the Cape Cod site (or, for that matter, for Saint 
Pardon de Conques). 

It was also found that the estimated ratio Kz/ Kr was 
smaller at the Borden and Cape Cod sites than was obtained 
by independent means. This finding, if the independent 
values can be trusted, is consistent with the explanation that 
early time drawdown, even at depth within the aquifer, is 
increased by delayed release of water from the unsaturated 
zone. At both sites, the ariitIyses in this paper give viIues of" 
horizontal-hydraulic' conductivity inagreement'wiili inde~' 
pendent studies but values of vertical hYdraulic'conductivity 
that are about'one-hal(the values obtained by independent 
studies: The possible" underestimation of vertical ilydraulic: 

Table 4. Summary of the Hydraulic Parameters Obtained in ~his Paper 

Nameo! T b 
the site (m2/s) (m) 

Saint Pardon 1.4 X 10-2 8.24 
de Conques' , ' . 

. Borden 8.0 X 10-4 
'. ,6.7. 

Cape Cod 5.9 X 10-2 • 48.8' 

.. ::.:(:: . ~. . -':. 

0.02 

0.3 
0.5. ' ..... :,'", 

.. " Kz .. 
. ,c',; :" (m/s) ::. ' .. ': 

.' ... Kr ' 

..... (mjs) 

.: - 1.7 X 10-3 

..... -. ".' ,;- .. '-' .' .' ," :~ .. - .... 

':. " . 
. '.:, ~ .. ". Sy.·, 

.':'.'; .> 0.19'" 

:: 955'.' 
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~': conductivitY-and the estimates of specific yield, which are in 
~i.;" agreement vilihlong-term volume balance caIculationsbut 
t- ' less than I~t;~rat;ry coiilmn~raimigeexperiments; support 
~:; the findings 'of:N~ank~or et aI.( i992) th'aiwaterretained in 
~:::;:, the unsaturated zo'ne 'does' ha~e 'an'effect upon drawdown 
~; measurements in th~ co'urse of a pumping test. 
[i The experiment described by Nwankwor et aI. (1992), 
i~ , referred to in this pape'r as Borden site p~mpingtest #2, 
i/ illustrates why values of specific yield as determined by r' ' water-balance c3.Iculations (or by the tyPe-curve analysis in 
i,i: this paper) are less than values obtained from field and 
i" laboratory drainage experiments. The water-content pro-
~: files and hydraulic-head measurements observed at three 
~;1 different; distances :and ;, at -,various ':, times '. presented ',by 

Nwankwor et aI. (1992, Figures 3 and 7a) illustrate, quanti-

.;, 

, tatively, the delayed release of water from the unsaturated 
zone. As pointed out by N wankwor et aL (1992), the rate of 
decline of the water table is substantially greater than the 
rate of decline of the eqUilibrium water-content profile. As a 
consequence, there is water stored above the water table that 
is in excess of that stored under hydrostatic conditions. If 
the rate of decline of the water-content profiles had been the 
same as the rate of decline of the water table, then release of 
water from the unsaturated zone could be said to have been 
"instantaneous" as required by Neuman (1972) an<~ esti­
mates of specific yield would 'be in accord with laboratory 
values. Close inspection of these profiles (see Nwankwor et 
aI., 1992, Figure 7a) reveals that after 340 rriinutes and until 
the end of the 24-hour pumping test, the decline of the 
water-content profiles was abQut 60 to 70 percent of the 
decline of water table. If the "true" specific yield of the 
aquifer is about 0.30, as suggested by the difference between 
the saturated water content and the residual saturation in 
both the field and laboratory experiments, then analysis of 
drawdown data from pumping test #2 should give rise to an 
estimated specific yield of 0.18 to 0.21. If one were to ignore 
the last two days of data collected for pumping test # 1, 
which was conducted using the same pumping rate in the 
same pumped well, the match point for t/r2 in Figure 3a 
would be moved from 5 min/m2 to 4 min/m2. By so doing 
the estimated specific yield for the one-day test would 
become 0.19. It is, therefore, not surprising that the esti­
mated specific yield from the type-curve analysis of pump­
ing test # I is as much as 0.24 because the water-content 
profiles would have equilibrated to a greater degree during a 
65-hour test. If the specific yield as revealed by analysis of 
the pumping-test data were as low as 5 to 7 percent, as found 

, by Nwankwor et aI. (1984), then the water-content profUes 
should have declined only 17 to 24 percent of the corre­
sponding decline of the water table. 

The above discussion is not meant to suggest that 
specific yield is a time-dependent parameter. As stated ear­
lier in this paper, the definition implies that gravity drainage 
is complete. Attempts to estimate the parameter in the 
coilrse of a transient pumping test by using the Neuman 
model, just as with an incomplete laboratory experiment, 
may yield results that change as the test progresses. Ulti­
mately the calculated value should stabilize and become 
equal to the long-term laboratory or "true" value due to the 
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fact that the equilibrium water-content profile then keeps " " 
pace with the slowly declining water table. At this point the 
'aSsumption of "instantaneous" drainage comoims WIth :the 
aquifer test. 
, .' Factors such as thickness of the unsaturated zone, 
changes in soil texture in the unsaturated zone, height of the 
capillary fringe, and antecedent soil-moisture conditions 
may also influence type-curve estimates of specific yield. 
Consideration of these factors is beyond the scope of this 
paper. 

Conclusions 
By use of Neuman's (1974) theory, this paper demon­

strates that type-curve analyses of three pumping tests con­
ducted in relatively homogeneous, water-table aquifers, 
result in values of specific yield that are consistent with 
estimates that are (or would be) obtained by long-term, 
water-balance caiculations. The results obtained for two of 
these tests (Saint Pardon de Conques and Borden site) are at 
variance with previously published results. The method of 
analysis requires only (I) that effects of partial penetration 
be included and (2) that composite plots be used with a 
single match point for all measured drawdown data. The 
slight underestimation of specific yield relative to the pro­
jected long-term or laboratory value; and the apparent, 
slight underestimation of the vertical hydraulic conductiv­
ity, support the finding ofNwankwor et al. (1992) that there 

, is a measurable effect due to the drainage of pores in the 
unsaturated zone. This can be avoided to a large extent by 
placing piezometers at depth in the aquifer and avoiding the 
use of piezometers located at or near the water table. The 
analyses demonstrate that Neuman's model, in spite of the, 
assumption of instantaneous release of water from the 
unsaturated zone, can be used to obtain realistic water-table 
aquifer parameters for aquifers with significantly different 
hydraulic conductivities. In my opinion, unrealistically low 
values of specific yield (less than 0.1 for sand and gravel 
aquifers) obtained by type-curve analysis and values that 
are physically impossible are the result of one or more of 
the following: (I) improper procedures, (2) bad data, or 
(3) aquifer heterogeneity. I submit that Neuman (1987) 
unnecessarily defends the unreasonably small values of spe­
cific yield sometimes obtained by type-curve analysis. The 
important work of Nwankwor et aI. (1992) contributes to 
our understanding of flow processes in unconfined aquifers 
but does not invalidate the Neuman model. 

Notation 
b Initial saturated thickness of aquifer, L. 

d Vertical, distance from initial water table to top of 
pumped-well screen, L. 

h Hydraulic head, L. 

hi Initial hydraulic head, L. 

Kz Hydraulic conductivity in the vertical direction, Lr'. 
Kr Hydraulic conductivity in the horizontal direction, 

Lr'. 
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Vertical distance from initial water table to bottom of 
pumped-well screen, L. 

qo Pumping rate, erl. 
r Radial distance from axis of pumping well, L. 

S Storativity. 

Sy Specific yield. 

T Transmissivity, erl. 
Time since start of pumping, T. 

z Vertical distance above bottom of aquifer, L. 

ZI Vertical distance from bottom of aquifer to bottom of 

observation-well screen, L. 

Z2 Vertical distance from bottom of aquifer to top of 
observation-well screen, L. 
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